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Algebraic Geometry over Free Groups: Lifting Solutions into 

Generic Points 

Olga Khar lamp ovich and Alexei Myasnikov 

Abstract. In this paper we prove Implicit Function Theorems (IFT) for al- 
gebraic varieties defined by regular quadratic equations and, more generally, 
regular NTQ systems over free groups. In the model theoretic language these 
results state the existence of very simple Skolem functions for particular V3- 
formulas over free groups. We construct these functions effectively. In non- 
effective form IFT first appeared in [18]. From algebraic geometry view-point 
IFT can be described as lifting solutions of equations into generic points of 
algebraic varieties. 

Moreover, we show that the converse is also true, i.e., IFT holds only 
for algebraic varieties defined by regular NTQ systems. This implies that if a 
finitely generated group H is V3-equivalent to a free non-abelian group then 
H is isomorphic to the coordinate group of a regular NTQ system. 
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Introduction 

The classical algebraic geometry is one of the main tools to deal with polyno- 
mial equations over fields. To study solutions of equations in free groups one needs 
a similar theory over groups. Recently basics of algebraic geometry over groups 
were developed in a series of papers 1121 II 3) . This provides the necessary topo- 
logical machinery to transcribe geometric notions into the language of pure group 
theory. In this paper, following [2] and |12| . we freely use the standard algebraic 
geometric notions such as algebraic sets, the Zariski topology, Noetherian domains, 
irreducible varieties, radicals and coordinate groups to organize an approach to 
finding a solution of Tarski's problems in |17j . Our goal here is to prove several 
variations of so-called implicit function theorem (IFT) for free groups. The basic 
version of IFT was announced at the Model Theory conference at MSRI in 1998 
[141 12 1| . In |15| we used the basic version of implicit function theorem to solve 
the genus problem for quadratic non-orientable equations, and showed also that the 
abelianization of the cartesian power of infinitely many copies of a free non-abelian 
group has 2-torsion. The preprint |18| contains proofs of several variations of IFT 
in terms of liftings. 

In a sense some formulations of IFT can be viewed as analogs of the corre- 
sponding results from analysis, hence the name. To demonstrate this we start 
with a very basic version of the implicit function theorem which holds for regular 
quadratic equations. 

Let G be a group generated by A, F(X) be a free group with basis X = 
{xt,x 2 ,.. .,x n }, G[X] = G*F(X) be a free product of G and F(X). If S C G[X] 
then the expression S = 1 is called a system of equations over G. A solution of 
the system 5=1 over G can be described as a G-homomorphism <fi : G[X] — > G 
such that 4>(S) — 1. By Vc(S) we denote the set of all solutions in G of the system 
S = 1, it is called the algebraic set defined by S. This algebraic set Vg(S) uniquely 
corresponds to the radical R(S): 

R(S) = {T(x) e G[X] | e G n (S(A) = 1 -> T(A) = 1}. 

The quotient group 

G R(S) = G[X]/R{S) 

is the coordinate group of the algebraic set V(S). Every solution of S(X) = 1 in G 
can be described as a G-homomorphism Gr(s) ~ * G. 

Recall that a standard quadratic equation S(X) = 1 over group G is an equation 
in one of the following forms (below d, Ci are nontrivial elements from G) : 

n 

(1) JJ^.j/i] = 1, n>0; 

i=l 



(2) 



1, n, m 0, m + n 1; 



(3) 



n 

Y[x? = l, 7i >0; 
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(4) T\ x i lc i z id — 1> n, m>0, n + r?2>l. 

i=i i=i 

Equations QJ, (0) are called orientable and equations Q, (@J are called non- 
orientable. The numbers n and n+m are called genus and atomic rank of S'(A) = 1. 
Put 

K (S) = \X\+e(S), 

where £(5*) = 1 if the coefficient d occurs in S, and e(S) = otherwise. A standard 
quadratic equation S(X) = 1 is regular if k(S) ^ 4 and there is a non-commutative 
solution of S(X) = 1 in G (see for details), or it is an equation of the type 
[x, y)d — 1. Notice, that if S(X) — 1 has a solution in G, k(S) ^ 4, and n > in 
the orientable case (n > 1 in the non-orientable case) , then the equation S = 1 has 
a non-commutative solution, hence regular. 

Basic Form of IFT. Let S(X) = 1 be a regular standard quadratic equation 
over a non-abelian free group F and let T(A, Y) = 1 be an equation over F , \X\ = 
to, \Y\ = n. Suppose that for any solution U E Vf(S) there exists a tuple of 
elements W E F n such that T(U,W) — 1. Then there exists a tuple of words 
P = (pi(X), . . . ,p n (X)), with constants from F , such that T(U, P(U)) = 1 for any 
U E Vf(S). Moreover, one can fund a tuple P as above effectively. 

We define a Zariski topology on G n by taking algebraic sets in G n as a sub-basis 
for the closed sets of this topology. If G is a non-abelian fully residually free group 
(for every finite set of non-trivial elements in G there exists a homomorphism from 
G to a free group such that the images of these elements are non-trivial), then the 
closed sets in the Zariski topology over G are precisely the algebraic sets. 

The Basic Form of IFT implies that locally (in terms of Zariski topology in F n ), 
i.e., in the neighborhood defined by the equation S(X) = 1, the implicit functions 
yi, . . . , y m can be expressed as explicit words in variables x\, . . . , x n and constants 
from F, say Y = P(X). This allows one to eliminate a quantifier from the following 
formula (if it holds in a free group F) 

$ = VX3Y{S{X) = 1 -> T(X, Y) = 1). 

Indeed, in this event the sentence $ is equivalent in F to the following one: 

* = VX(S(X) = 1 -> T(X,P(X)) = 1). 

From the point of view of model theory Theorem A states the existence of very 
simple Skolem functions for particular V3-formulas over free groups. Observe, that 
Theorem A reinforces the results of [18| by giving the corresponding explicit Skolem 
functions effectively. 

From algebraic geometry view-point the implicit function theorem tells one 
that (in the notations above) T(X, Y) = 1 has a solution at a generic point of 
the equation S(X) — 1. Indeed, since the coordinate group F R (s) 01 the- equation 
S(X) = 1 is discriminated by the free group F the equation T(X, Y) = 1 has a 
solution in the group i*W 5) (where elements from X are viewed as constants) . This 
shows the Theorem A can be stated in the following form. 

Theorem A'. Let S(X) = 1 be a regular standard quadratic equation over 
a non-abelian free group F and let T(X,Y) = 1 be an equation over F, \X\ — 
to, \Y\ — n. Suppose that for any solution U E Vf(S) there exists a tuple of 
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elements W € F n such that T(U,W) = 1. Then the equation T(X,Y) = 1 has a 
solution in the group Fms) {where elements from X are viewed as constants from 

This approach allows one to generalize the results above by replacing the equa- 
tion T(X, Y) = 1 by an arbitrary system of equations and inequalities or even 
by an arbitrary boolean formula. Notice, that such generalizations in the form of 
Theorem A are impossible. To this end we need to introduce a few definitions. 

Let S(X) = 1 be a system of equations over a group G which has a solution in 
G. We say that a system of equations T(X,Y) = 1 is compatible with S(X) = 1 
over G if for every solution U of S(X) = 1 in G the equation T(U, Y) — 1 also has a 
solution in G. More generally, a formula Q(X, Y) in the language La is compatible 
with S(X) = 1 over G, if for every solution a of S(X) = 1 in G there exists a tuple 
b over G such that the formula &(a,b) is true in G, i.e., the algebraic set Vc(S) is 
a projection of the truth set of the formula Q(X, Y) A (S(X) = 1). 

Suppose now that a formula Q(X, Y) is compatible with S(X) = 1 over G. 
We say that $(-X", Y) admits a lift to a generic point of S = 1 over G (or shortly 
S-lift over G), if the formula 3Y&(X^ ,Y) is true in Gr(s) (here Y are variables 
and X M are constants from Gr(s))- Finally, an equation T(X, Y) — 1, which is 
compatible with S(X) = 1, admits a complete S-lift if every formula T(X, Y) = 
1 & W(X,Y) ^ 1, which is compatible with S{X) — 1 over G, admits an S'-lift. 
We say that the lift (complete lift) is effective if there is an algorithm to decide for 
any equation T(X,Y) = 1 (any formula T(X, Y) = 1 & W(X,Y) / 1) whether 
T(X, Y) = 1 (the formula T{X, Y) = 1 & VK(X, F) ^ 1) admits an S-lift, and if it 
does, to construct a solution in G^rgy 

Now the Implicit Function Theorem (IFT) for regular quadratic equations can 
be stated in the following general form. This is the main technical result of the 
paper, we prove it in Sections 3-6. 

Theorem A. Let S{X 1 A) = 1 be a regular standard quadratic equation over 
F(A). Every equation T{X 1 Y, A) = 1 compatible with S(X, A) = 1 admits an 
effective complete S-lift. 

Furthermore, the IFT still holds if one replaces S(X) = 1 by an arbitrary 
system of a certain type, namely, by a regular NTQ system (see |16j for details). 
To explain this we need to introduce a few definitions. 

Let G be a group with a generating set A. A system of equations S — 1 is called 
triangular quasi- quadratic (shortly, TQ) if it can be partitioned into the following 
subsystems 

Si(Xi, X2, ■ ■ ■ , X n , A) = 1 
S 2 (X 2 ,...,X n ,A) = 1 

S n (X n ,A) = 1 
where for each i one of the following holds: 

1) Si is quadratic in variables Xi\ 

2) Si = {[y, z] — l,[y,u] — 1 | y, z G Xi} where u is a group word in 
Xi + \ U • • • U X n U A such that its canonical image in G^+i is not a proper 
power. In this case we say that Si = 1 corresponds to an extension of a 
centralizer; 
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3) Si = {[y,z] = l\y,zeXi}; 

4) Si is the empty equation. 

Define Gj — G^Si,...,s„) f° r * = 1» ■■■,n and put G n+ i = G. The TQ sys- 
tem S = 1 is called non- degenerate (shortly, NTQ) if each system Si = 1, where 
X i+ i,...,X n are viewed as the corresponding constants from Gi + \ (under the 
canonical maps Xj — > Gj+i, j = i + l,...,n., has a solution in Gj+i. The co- 
ordinate group of an NTQ system is called an NTQ group. 

An NTQ system S = 1 is called regular if for each i the system Si = 1 is cither 
of the type 1) or 4), and in the former case the quadratic equation Si is in standard 
form and regular. 

In Section |H1 we prove IFT for regular NTQ systems. 

Theorem B. Let U(X, A) = 1 be a regular NTQ-system. Every equation 
V(X, Y, A) = 1 compatible with U = 1 admits a complete effective U -lift. 

Notice, that by definition we allow empty equations in regular NTQ systems. 
In the case when the whole system U = 1 is empty there exists a very strong 
generalization of the basic implicit function theorem due to Merzljakov |20| . 

Merzljakov's Theorem. If 

F\=VX 1 3Y 1 ---VX k 3Y k (S(X,Y,A) = 1), 

where X — X\ U ■ • • U X k , Y = Y\ U • • • U Y k , then there exist words {with constants 
from F) qi(Xi), . . . , qk(X 1: . . . . X k ) G F[X], such that 

F[X}\=S(X 1 ,q 1 (X 1 ),...,X k ,q k (X 1 ,...,X k ,A)) = l, 

i.e., the equation 

S(X 1 ,Y 1 ,...,X k ,Y k ,A) = 1 

(in variables Y) has a solution Yi = Qi(Xi, . . . ,Xi, A) in the free group F[X], or 
equivalently, 

F\=VX 1 ...VX n (S(X 1 ,q 1 (X 1 ,A),...,X k ,q k (X 1 ,...,X k ,A)) = 1). 

In |18j we gave a short proof of Merzljakov's theorem based on generalized 
equations. The key idea of all known proofs of this result is to consider a set of 
Merzljakov's words as values of variables from Xi = {xn, . . . ,Xi ki }: 

x i:i = ba m ^ba m ^b- ■ ■ ba m ^*j b, 

where a, b are two different generators of F = F(A). If S(X, Y, A) = 1 has a solution 
for any Merzljakov' words as values of variables from X, then it has a solution of 
the type Yi = qi(X x , . . . ,Xi), i = l,...,k. 

Unfortunately, Merzljakov's words are not, in general, solutions of a regular 
quadratic equation S(X) = 1 over F. In this case, one needs to find sufficiently 
many solutions of S(X) = 1 over F with sufficiently complex periodic structure 
of subwords. To this end we consider analogs of Merzljakov's words in the group 
of automorphisms of F[X] that fix the standard quadratic word S(X) and the 
corresponding set of solutions of S(X) = 1 in F. In Sections 01 and El we study 
in detail the periodic structure of these solutions. This is the most technically 
demanding part of the paper. 
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There are two more important generalizations of the implicit function theorem, 
one - for arbitrary NTQ-systems, and another for arbitrary systems. We need a 
few more definitions to explain this. Let U (Xi, . . . , X n , A) = 1 be an NTQ-system: 

S 1 (X 1 ,X 2 ,...,X n ,A) =1 
S 2 (X 2 ,...,X n ,A) =1 

S n (X n ,A) =1 

and G, = G R{Si ,...,s n ), G n+1 = F(A). 

A Gi+i -automorphism a of d is called a canonical automorphism if the fol- 
lowing holds: 

1) if Si is quadratic in variables Xi then a is induced by a Gi+i-automorphism 
of the group Gi + i[Xi] which fixes Sf, 

2) if Si = {[y, z] = 1, [y,u] = 1 | y, z € Xi} where u is a group word in 
X i+1 U - ■ - UX n UA, then G t = G t+X * u=u Ab{X t \j{u}), where Ab(X t \j{u}) 
is a free abelian group with basis Xi U {u} 7 and in this event a extends 
an automorphism of Ab(Xi U {u}) (which fixes u); 

3) If Si = {[y, z] = 1 | y, z € Xi} then d — G, + i * Ab(Xi), and in this event 
a extends an automorphism of Ab(Xi); 

4) If Si is the empty equation then d = Gi+i[Xi], and in this case a is just 
the identity automorphism of Gi. 

Let -Ki be a fixed Gj+i [Fi]-homomorphism 

m : Gi[Yi\ ^ G i+1 [Y i+1 }, 

where I = ii C 7 2 C ... C y„ C i^n+i is an ascending chain of finite sets of 
parameters, and G n+ \ — F{A). Since the system U = 1 is non-degenerate such 
homomorphisms 7Ti exist. We assume also that if Si(Xi) = 1 is a standard quadratic 
equation (the case 1) above) which has a non-commutative solution in Gj+i, then 
X 1Ti is a non-commutative solution of Si(Xi) = 1 in Gi + \{Y i+ i]. 

A fundamental sequence (or a fundamental set) of solutions of the system 
U(Xi, . . . , JT„, A) = 1 in F(A) with respect to the fixed homomorphisms 7Ti, . . . , 7r„ 
is a set of all solutions of U = 1 in F(A) of the form 

ClTTl • • • cr n -K n T, 

where Oi is l^-automorphism of Gj[li] induced by a canonical automorphism of Gi, 
and r is an F(A)-homomorphism r : F(A U Y n+ \) — ► -F(A). Solutions from a given 
fundamental set of {/ are called fundamental solutions. 

Theorem C (Parametrization theorem). Let U(X,A) = 1 be an NTQ- 
system and V{ un d(U) a fundamental set of solutions of U = 1 in F = F(A). If a 
formula 

$ = VX(U(X) = 1 -► 3Y(W{X, Y, A) = 1 A W^X, Y, A) ^ 1) 

is true in F then one can effectively find finitely many NTQ systems U\ = 1, . . . , Uk = 
1 and embeddings $i : F R ^ — > Fr^) such that the formula 

3Y(W(X e \ Y, A) = 1AW 1 {X 6 \Y,A) ± 1) 
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is true in each group Frmja. Furthermore, for every solution <p : F R m\ —* F 
of U = 1 from Vfund(f) there exists i £ {1, ...,fc} and a fundamental solution 
ip : Froja — > F such that (f> = $itp. 

As a corollary of this theorem and results from |16l Section 11], we obtain the 
following result. 

Theorem D. Let S(X) = 1 be an arbitrary system of equations over F. If a 
formula 

$ = VX3Y(S(X) = 1 -» (W(X,Y,A) = 1 A Wi(X,Y,A) ^ 1)) 

is true in F then one can effectively find finitely many NTQ systems U\ = 1, . . . , Uk = 
1 and F -homomorphisms 0% : Furs) ~ * Fr(U*) such that the formula 

3Y(W(X 6i ,Y, A) = 1 AWx(X 6i ,Y,A) ^ 1) 

is true in each group F R (jj.y Furthermore, for every solution <fi : -Fr(s) —> F of 
5=1 there exists i G {1, . . . , k} and a fundamental solution tp : Fmxja — > F such 
that (f> = 9itf>. 

In Section^lwe show that the converse of Theorem B holds. Namely, we prove 
the following theorem. 

Theorem E. Let F be a free non-abelian group and S{X) = 1 a consistent 
system of equations over F. Then the following conditions are equivalent: 

(1) The system S(X) = 1 is rationally equivalent to a regular NTQ system. 

(2) Every equation T(X,Y) — 1 which is compatible with S(X) = 1 over F 
admits an S-lift. 

(3) Every equation T(X,Y) — 1 which is compatible with S(X) = 1 over F 
admits a complete S-lift. 

Theorem E immediately implies the following remarkable property of regular 
NTQ systems. Denote by La the first-order group theory language with constants 
from the free group F(A). If $ is a set of first order sentences of the language La 
then two groups G and H are called $ -equivalent if they satisfy precisely the same 
sentences from the set $. In this event we write G =$ H. In particular, G =va H 
(G =av H) means that G and H satisfy precisely the same V3-sentences (3V- 
sentences). We have shown in |13j that for a finitely generated group G if G =va H 
then G is torsion-free hyperbolic and fully residually free. Now we improve on this 
result. 

Theorem F. Let G be a finitely generated group. If G is V3- equivalent to a 
free non-abelian group F then G is isomorphic to the coordinate group Fms) °f a 
regular NTQ system S = 1 over F. 

Notice, that we prove in the consequent paper |17] that the converse is also 
true, moreover, it holds in the strongest possible form. Namely, the coordinate 
group F R rg) of a regular NTQ system 5 = 1 over F is elementary equivalent to 
a free non-abelian group F. Combining this result with Theorem E one obtains a 
complete algebraic characterization of finitely generated groups which are elemen- 
tary equivalent to a free non-abelian group. Similar characterization in different 
terms is given in I26j . 
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1. Scheme of the proof 

We sketch here the proof of Theorem A for the orientable quadratic equation. 

n m 

(5) Wz^dZiC — 1, n > 1, m + n ^ 1, c ^ 1. 

i=l i=l 

We begin with the definition of compatibility. Let X, Y be families of variables 

Definition 1.1. Let S(X) = 1 be a system of equations over a group G which 
has a solution in G. We say that a system of equations T(X, U) = 1 is compatible 
with <S(X) = 1 over G if for every solution _B of S(X) = 1 in G the equation 
T(£?, J7) = 1 also has a solution in G. 

Let F = F(A) be a free group with alphabet A. Denote by S(X) = 1 equa- 
tion (JSJ, where X = {xi, y\, . . . , x„, y n , 2i, ... , z m }, and suppose that an equation 
T(X, {7)1 is compatible with 5(X) = 1. 

STEP 1. The following statement can be obtained using the Elimination pro- 
cess similar to Makanin-Razborov's process described in |16) . 

One can effectively find a finite disjunction of systems II(M, X) of graphic 
equations (without cancellation) in variables M , X with the following properties. 

1) Each equation in the system II(M, X) has form x = /i^ o- • -ofi ik , where x £ 
X, /i.; £ M, "= " stands for graphic equality and "o" means multiplication 
without cancellation. A solution of such a graphic equation is a tuple of 
reduced words x a , fi^ , . . . , /i" fc in i 7, such that a;" is graphically equal to 
the product /i^ o • • • o . 

2) For every solution B of S(X) — 1 written in reduced form there exists a 
graphic solution B, D of one of the systems n(M, X) in this disjunction. 

3) Let U = {u\, . . . , itfe}. For every system Q(X, M) one can find words 
fi(M),...,fk(M) such that for every solution B , D (not necessary graphic) 
of the system Q(X, M) in F one has T(X, fx(D), . . . , f k (D)) = 1. 

Such system of graphic equations H(M,X) is called in Section a "cut equa- 
tion" (see Definition 13.11 and Theorem 13.41 ) Indeed, variables X are "cut" into 
pieces. We can think about the cut equation as a system of intervals labelled by 
solutions of S(X) = 1 that are cut into several parts corresponding to variables in 
M. 

STEP 2. Now we construct a discriminating family of solutions of S(X) = 1 
(see the definition in 16, Section 1.4]) which later will be called a generic family. 
Consider a group F[X] — F * F(X) and construct a particular sequence T — 
(71, ... , jk) of i^-automorphisms of F[X] that fix the quadratic word S(X). This is 
done in Section^ These automorphisms have the property that any two neighbors 
in the sequence do not commute and it is in some sense maximal with this property. 
For any natural number j define 7j = j r , where r is the remainder when j is divided 
by K. 

For example, for the equation [x, y] = [a, b] we can take 

71 : x -» x, y -> xy; 

72 : x -> yx, y -^y, 

in this case K — 2 and 



72s-l = 7l 1 72s = 72- 
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These automorphisms are, actually, Dehn twists. Notice that 

7? : x -> x , y-> x<l v\ tI : x -> y qx > v^y> 

therefore big powers of automorphisms produce big powers of elements. Let L be 
a multiple of K. Define 

where p = (pi, . . . ,pl)- Now we take a suitable (with small cancellation, in general 
position) solution of S(X) = 1. Denote F Ra d(s) = F * F[X]/ncl(S). This solution 
is a homomorphism (3 : -FR a d(S) ~ * F. The family of mappings 

*L = {iJjL.p = <j>L,pP, P G P}, 

where L is large and P is an infinite set of L-tuples of large natural numbers, is a 
family of solutions of S(X) = 1. It is very important that this is a discriminating 
family. 

For example, take for the equation [x, y] = [a, b] x^ — a, y 13 — b, then for L = 4 
we have 

(6) x = (((a Pl b) P2 a) P3 a Pl b) Pi {a Pl b) P2 a, y = {{a Pl b) P2 a) P3 a Pl b. 

The word ((a Pl b) P2 a) P3 a Pl b is called a period in rank 4. Notice that the period 
of rank 4 is, actually, y^ 3 -? . 

Since the family of cut equations is finite, some infinite set of solutions X^ L 
satisfies the same cut equation II(M, X). Therefore, it is enough to consider one of 
the cut equations II(M, X). 

In the example JSJ there is no cancellation between a and b and, therefore, it 
does not matter whether we label intervals of the cut equation by X^ L ' p or by X^ L - V . 
In Section[S]we show how to choose a solution (3 with relatively small cancellation, 
so that we can forget about the cancellation and label the intervals of II(M, X) by 
X^-r. 

STEP 3. We can see now that for different L-tuples p all values of X^ L - p (in 
have similar periodic structure and must be "cut " the same way into pieces 
/i G M. Therefore big powers are similarly distributed between pieces fi G M. In 
Section \7\ we introduce the notion of complexity of a cut equation. 

Let LT(M, X) be a cut equation. For a positive integer n by k n (H) we denote 
the number of equations (intervals) x = fj,^ o • • • o fj, in that have right hand side of 
length n. The following sequence of integers 

Comp(ii) = (fc 2 (n),/c 3 (n),...,fc lcngth(n) (n)) 

is called the complexity of II. 

We well-order complexities of cut equations in the (right) shortlex order: if LT 
and IT are two cut equations then Comp(II) < Comp(n') if and only if length(LI) < 
length(n') or length(II) = lcngth(II') and there exists I ^ i lcngth(n) such that 

fcj(n) = fej(n') for aii j > i but fci(n) < h(n'). 

Observe that equations of the form x = fa have no input into the complexity 
of a cut equation. In particular, cut equations that have all graphic equations of 
length one have the minimal possible complexity among equations of a given length. 
We will write Comp(II) = in the case when fci(LT)0 for every i = 2, . . . , length(II). 

We introduce the process of transformations of the cut equation H(M,X). 
This process consists in "cutting out" big powers of largest periods from the in- 
terval and replacing one interval labelled by X'^ i - P by several intervals labelled by 
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X&i-i.p. After such a transformation the left sides of the graphic equalities in the 
cut equation correspond to values X^ i - 1 - V (or very short words in X^ i - 1 - p ) and the 
complexity either decreases or stabilizes during several steps of the process. Sup- 
pose Comp(IT) = after t transformations, so that each graphic equality has form 
x 4>L-t, P jl ^ or y4>L-t,p ^ v Therefore, x^ L ^ t - v = [i or yVL-t, P ^ v f or a discrim- 
inating family of solutions ^L-t,p- By the properties of discriminating families, 
fi = x, v = y in the group -Fa a d(s)- Substituting fi and v into words /i, . . . , fk 
we obtain a solution [/ of the equation T(X, U) = 1 given by a formula in £, y in 

■FRad(S)- 

In a general case, when the length of the right hand side of the cut equation does 
not decrease during several steps in the process of transformations, the situation is, 
certainly, a bit more complicated. In this case one can show that in each graphic 
equation all the variables in except the first and the last one are very short and 
can be taken almost arbitrary, and the other variables can be expressed in terms of 
them and X^ L ~ t - p . 



2. Elementary properties of liftings 

In this section we discuss some basic properties of liftings of equations and 
inequalities into generic points. 

Let G be a group and let S(X) = 1 be a system of equations over G. Recall 
that by Gs we denote the quotient group G[X]/nc\(S), where ncl(5) is the normal 
closure of S in G[X]. In particular, Gr(s) = G[X)/ R(S) is the coordinate group 
defined by S(X) = 1. The radical R(S) can be described as follows. Consider a set 
of G-homomorphisms 

$g,s = {4> e Hom G (G[5],G) | ^(S) = 1}. 

Then 

R(S) = { fe? G - ker0 if ^.^ 

y J \ G[X] otherwise 

Now we put these definitions in a more general framework. Let H and K be 
G-groups and M C H. Put 

*k,m = {0 G Hom G (H,K) | 0(M) = 1}. 
Then the following subgroup is termed the G -radical of M with respect to K: 



Sometimes, to emphasize that M is a subset of H , we write Rad^(M, H). Clearly, 
if K = G, then R(S) = Rad G (5, G[X]). 
Let 

H* K = H/Radx (1). 

Then H* K is either a G-group or trivial. If H* K ^ 1, then it is G-separated by K. 
In the case K = G we omit K in the notation above and simply write H*. Notice 
that 

(H/nc\(M))* K ~ H/R&d K (M), 
in particular, (Gs)*G R (s } . 
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Lemma 2.1. Let a : Hi — > H 2 be a G-homomorphism and suppose 

$ = {(P:H 2 ^ K} 
be a separating family of G-homomorphisms. Then 

kera = P|{ker(a</>) | <j) e $} 

PROOF. Suppose h S Hi and h ker(a). Then a(h) ^ 1 in Hi- Hence there 
exists 4> £ $ such that <fi(a(h)) ^ 1. This shows that kera D P|{ker(ao</)) | <fi £ $}. 
The other inclusion is obvious. □ 

Lemma 2.2. Let Hi, H 2 , and K be G -groups. 

(1) Let a : Hi — » i/ 2 be a G-homomorphism and let H 2 be G-separated by K . 
If M C kera ; f/iera Rad^ (M) C kera. 

(2) Every G-homomorphism (f> : H± — ► i?2 <?ii>es rise to a unique homomor- 
phism 

4>* : - (# 2 )^ 

smc/i i/iai ^772 = f]i<)>* > where r\i : J/j — > ijf is the canonical epimorphism. 

Proof. (1) We have 

R&d K (M, Hi) = P|{kcr | <fi : Hi —*q K A (f>(M) = 1} 

C f|{ker(a/3) | (3 . H 2 >q K} 
= ker a. 

(2) Let a : Hi — > (H 2 )* K be the composition of the following homomorphisms 

Hi^H 2 ^(H 2 )* K . 

Then by assertion 1 Rad.R-(l, C kera, therefore a induces the canonical G- 
homomorphism (j>* : {H\)* K — > {H 2 )* K . □ 

Lemma 2.3. 

(1) 77ie canonical map A : G — > G5 is an embedding ■<=>• = 1 /ias a 
solution in some G-group H . 

(2) TTie canonical map fi : G — > G\r(<j) is an embedding S(-X') = 1 /ias a 
solution in some G-group H which is G-separated by G. 

Proof. (1) If S(xi, . . . , x m ) = 1 has a solution [hi, . . . , h m ) in some G-group 
then the G-homomorphism Xi — > Tij, (i = l,...,m) from G[a^i, . . . ,x m ] into 
i? induces a homomorphism 4> : G5 — > -ff. Since _ff is a G-group all non-trivial 
elements from G are also non-trivial in the factor-group Gs, therefore A : G — > Gg 
is an embedding. The converse is obvious. 

(2) Let S(xi, . . . , iE m ) = 1 have a solution (hi, ■ ■ ■ , h m ) in some G-group if 
which is G-separated by G. Then there exists the canonical G-homomorphism 
a : Gs — > -?? defined as in the proof of the first assertion. Hence R(S) C kera by 
Lemma l2.2l and a induces a homomorphism from G#(s) into 7?, which is monic on 
G. Therefore G embeds into G^rgy The converse is obvious. □ 

Now we apply Lemma 12.21 to coordinate groups of nonempty algebraic sets. 
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Lemma 2.4. Let subsets S and T from G[X] define non-empty algebraic sets 
in a group G. Then every G -homomorphism (j) : Gs —* Gt gives rise to a G- 
homomorphism <jf : Gr(s\ — > Grit)- 

Proof. The result follows from Lemma l2~2*l and Lemma l2~31 □ 
Now we are in a position to give the following 

Recall that for a consistent system of equations S(X) — 1 over a group G, a 
system of equations T(X, Y) = 1 is compatible with S(X) = 1 over G if for every 
solution U of S(X) = 1 in G the equation T(U, Y) — 1 also has a solution in G, 
i.e., the algebraic set Vc(S) is a projection of the algebraic set Vg(S U T). 

The next proposition describes compatibility of two equations in terms of their 
coordinate groups. 

Proposition 2.5. Let S(X) = 1 be a system of equations over a group G which 
has a solution in G. Then T(X,Y) = 1 is compatible with S(X) — 1 over G if and 
only if G ris) is canonically embedded into Grisut)> an d every G -homomorphism 
a : Gr(s) — > G extends to a G-homomorphisms a' : Gr($\jt) G. 

Proof. Suppose first that T(X,Y) — 1 is compatible with S(X) — 1 over 
G and suppose that Vg(S) 0. The identity map X — ► X gives rise to a G- 
homomorphism 

A : Gs — ► Gsut 

(notice that both Gs and Gsut are G-groups by Lemma [2.3JI . which by Lemma 
12.41 induces a G-homomorphism 

A ■ ^RIS) * ^RISUT)- 

We claim that A* is an embedding. To show this we need to prove first the statement 
about the extensions of homomorphisms. Let a : Gr^s) — > G be an arbitrary G- 
homomorphism. It follows that a(X) is a solution of S(X) = 1 in G. Since 
T(X, Y) = 1 is compatible with S(X) = 1 over G, there exists a solution, say /3(Y), 
of T(a(X),Y) = 1 in G. The map 

X ^ a(X),Y ^ p(Y) 

gives rise to a G-homomorphism G[X, Y] — > G, which induces a G-homomorphism 
</> : Gsut —> G. By Lemma 12.41 <\> induces a G-homomorphism 

^* : Gr(s\jT) — y G. 
Clearly, <jf makes the following diagram to commute. 

A* 

Gr(S) Gr(Sut) 



a 




G 
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Now to prove that A* is an embedding, observe that Gmg) is G-separated by 
G. Therefore for every non-trivial h £ G R ($) there exists a G-homomorphism 
a : Gr(s) ~ ¥ G such that a(h) ^ 1. But then <f>*(X*(h)) ^ 1 and consequently 
h ker A*. The converse statement is obvious. □ 

Let S(X) = 1 be a system of equations over G and suppose Vg(S) ^ 0. The 
canonical embedding X — » G[X] induces the canonical map 

H : X — > G R ( S y 

We are ready to formulate the main definition. 

Definition 2.6. Let S(X) — 1 be a system of equations over G with V G (5) ^ 
and let /i : X — > G R rs) be the canonical map. Let a system T(X, V) = 1 be 
compatible with S(X) = 1 over G. We say that T(X, Y) = 1 admits a lift to a 
generic point of S = 1 over G (or, shortly, 5-lift over G) if T(Al m ,Y") = 1 has a 
solution in G R (s) (here Y are variables and X^ are constants from G R ^s))- 

Lemma 2.7. Let T(X,Y) = 1 be compatible with S(X) = 1 over G. If 
T{X, Y) = 1 admits an S-lift, then the identity map Y — > 1" gwes rise to a canon- 
ical Gft/gyepimorphism from G r ^ut) onto the coordinate group of T(X^,Y) = 1 
over G R{S) : 

r ■ G R{SUT) G fl(s) [r]/Rad Gj?(S) (T(^,r)). 
Moreover, every solution U ofT{X tJ ' 1 Y) = 1 in Gms) gives rise to a G R rs)- 
homomorphism cf>u : Gr(sut) ~* G R is)> where <pu(Y) = U. 

PROOF. Observe that the following chain of isomorphisms hold: 
G R(SuT) ~ G G[X][F]/Rad G (5UT) 

~ G G[X][Y~]/Rad G (Rad G (S,GLY])UT) 
~G (G[X][r]/ncl(Rad G (5,G[X]) UT))* 
—G [G R{s) [Y]/nc\{T{X^Y)))\ 

Denote by G R (s) the canonical image oiGms) m (G,r(s) [F]/ncl(T(X M , Y~)))*. 

Since Rad Gfl(s) (T(X M , Y)) is a normal subgroup in G R (s)[Y] 
containing T{X p, 1 Y) there exists a canonical G-epimorphism 

i> : G R(s) [Y]/ncl(T(X»,Y)) -> G fi(s) [F]/Rad Gfl(S) (T(X", F)). 

By Lemma 12.21 the homomorphism ^> gives rise to a canonical G-homomorphism 

V* : (G R(s) [Y]/ncl(T(X»,YW - (G K(S) [Y]/Rad Gfl(S) (T(X^ ; Y)))*. 

Notice that the group G#(g) [F]/Rad Gji(S) (T(X M , F)) is the coordinate group of 
the system T(X fi ,Y) = 1 over G R (s) an d this system has a solution in G R (s)- 
Therefore this group is a G R /g) -group and it is G R ($) -separated by G R /g). Now 
since G R rs) 1S the coordinate group of S(X) — 1 over G and this system has a 
solution in G, we see that G R ($) is G-separated by G. It follows that the group 
G R{s) [Y}/Rad GR{S) (T(X' i ,Y)) is G-separated by G. Therefore 

G R{s) [Y}/Rad GR(S) (T(X^Y)) = (G fl(s) [y]/Rad GR(S) (Tp^,F)))*. 

Now we can see that 

^* : G R(SUT) -> G fl(s) [y]/Rad GR(s) (T(X",y)) 
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is a G-homomorphism which maps the subgroup G R (s) horn G R ($ u t) onto the 
subgroup G R(S) in G R(S) [y]/Radg H(S) (T(X», Y)). 

This shows that G R r$\ ~ G G R ^ and "0* is a G/{(s)-homomorphism. If [/ is a 
solution of T(X^ . Y) = 1 in G R (s)^ then there exists a Gfl^-homomorphism 

0c/ : G fl(s) [y]/Rad Gj7(S) (Tp^,F)) G R(S) . 

such that = U. Obviously, composition of (f>u and %p* gives a G R ^s)- 

homomorphism from G R ( sut) m to G R ( 5) , as desired. □ 

The next result characterizes lifts in terms of the coordinate groups of the 
corresponding equations. 

Proposition 2.8. Let S(X) = 1 be an equation over G which has a solution 
in G. Then for an arbitrary equation T(X, Y) — 1 over G the following conditions 
are equivalent: 

(1) T(X, Y) = 1 is compatible with S(X) = 1 and T(X,Y) = 1 admits S-lift 
over G; 

(2) G R ( S ) is a retract of G r{S: t)> i-e., G R(S ) is a subgroup of G R{S ,T) and 
there exists a G R ^s)~homomorphism G R (s,T) ~ * G R ^s)- 

PROOF. (1) ==> (2). By Proposition l2.5l Gp;<n is a subgroup of G R ( S ,t) ■ More- 
over, T(X fi ,Y) = 1 has a solution in G R (s)> so by Lemma |2~7I there exists a G R (sy 
homomorphism G R (s,t) ~~ > G R ($), i.e., G R ($) is a retract of G R (g,T)- 

(2) (1). If <f> : G R (s t) — * Gfl(5) is a retract then every G-homomorphism 
a : G R (s) — > G extends to a G-homomorphism : G R ($,t) —* G. It follows 
from Proposition 12 . 51 that T(X, F) = 1 is compatible with S(X) = 1 and <f> gives a 
solution of T(X^, Y) = 1 in G R (s)i as desired. □ 

Denote by C (respectively C*) the class of all finite systems S(X) — 1 over 
F such that every equation T(X, Y) = 1 compatible with S = 1 admits an S-lift 
(complete S-lift). 

The following result shows that the classes C and C* are closed under rational 
equivalence. 

Lemma 2.9. Let systems S — 1 and U — 1 be rationally equivalent. Then: 

(1) // U = 1 is in C then S = 1 is C; 

(2) If U = 1 is in C* then S = 1 is C* . 

Proof. We prove (2), a similar argument proves (1). Suppose that a system 
S{X) = 1 is rationally equivalent to a system U(Z) = 1 from C* . Then (see |2j) 
their coordinate groups -Fr(s) and F R nj\ are i^-isomorphic. Let <f> : F R ^ — > F R (jj^ 
be an F-isomorphism. Then X^ — P(Z) for some word mapping P. Suppose now 
that a formula 

T[X,Y) = 1 A W(X,Y) ^ 1 
is compatible with S(X) = 1 over F. One needs to show that this formula admits 
an S-lift. Notice that 

T{P{Z), Y) = 1 A W(P(Z),Y) ^ 1 

is compatible with U(Z) = 1, hence it admits a [/-lift. So there exists an element, 
say D(Z) € -F^fy), such that in F R rm the following holds 

T(P(Z), D(Z)) - 1 A W(P{Z), D(Z)) ± 1. 
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Now 

1 = T{P(Z),D(Z))^ 1 = T(P(Z'f~ 1 ,D{Z^)) = T{X,D{Z^ 1 )) 

and 

1 ^ W{P{Z),D{Z))^ 1 = W{X,D{Z*~ 1 )) 

so 

T(P(Z), Y) = 1 A W(P(Z),Y) ^ 1 
admits a complete 5-lift, as required. □ 

3. Cut equations 

We refer to |16j for the notion of a generalized equation. In the proof of the 
implicit function theorems it will be convenient to use a modification of the notion 
of a generalized equation. The following definition provides a framework for such 
a modification. 

Definition 3.1. A cut equation n = (£, M, X, f M , fx) consists of a set of 
intervals £ , a set of variables M, a set of parameters X, and two labeling functions 

fx : £ - F[X], f M : £ -» F[M], 

For an interval a € £ the image /m (c) = fu (c) ( M ) is a reduced word in variables 
M ±x and constants from F, we call it a partition of fx{o~). 

Sometimes wc write II = (£, fM, fx) omitting M and X. 

Definition 3.2. A solution of a cut equation II = (£, fu, fx) with respect 
to an _F-homomorphism (3 : F[X] — > F is an F-homomorphism a : _F[Af] — » _F 
such that: 1) for every /i £ M a(/i) is a reduced non-empty word; 2) for every 
reduced word /m(c)(-/1/) (c G f ) the replacement m — » a(m) (m S M) results in a 
word /m(c)(q;(M)) which is a reduced word as written and such that /jw(cr)(a(M)) 
is graphically equal to the reduced form of f3(fx{o~))] in particular, the following 
diagram is commutative. p 




F(X) F(M) 



F 

If a : F[Af] — ► F is a solution of a cut equation II = (£, fM, fx) with respect 
to an i^-homomorphism (3 : F[X] — > F, then we write (II, /3, a) and refer to a as a 
solution of II modulo f3. In this event, for a given a € £ we say that /m(c)(q;(M)) is 
a partition of /3(/x(c)). Sometimes we also consider homomorphisms a : _F[M] — > 
F, for which the diagram above is still commutative, but cancellation may occur in 
the words fM(^)(c^(M))- In this event we refer to a as a group solution of II with 
respect to (3. 

Lemma 3.3. For a generalized equation Q(H) one can effectively construct a 
cut equation Tin — {£, fx, /m) such that the following conditions hold: 
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(1) X is a partition of the whole interval [l,pn] into disjoint closed subinter- 
vals; 

(2) M contains the set of variables H; 

(3) for any solution U = (u\, . . . , u p ) of Q the cut equation Iln has a solution 
a modulo the canonical homomorphism 

(3u : F(X) - F 

(Pu(x) = UiUi + \---Uj where i,j are, correspondingly, the left and the 
right end-points of the interval x); 

(4) for any solution (/?, a) of the cut equation LT^ the restriction of a on H 
gives a solution of the generalized equation il. 

Proof. We begin with denning the sets X and M. Recall that a closed interval 
of Q is a union of closed sections of f2. Let X be an arbitrary partition of the whole 
interval [1, pa] into closed subintervals (i.e., any two intervals in X are disjoint and 
the union of X is the whole interval [l,po]). 

Let B be a set of representatives of dual bases of 0, i.e., for every base ii of 
either \x or A(/z) belongs to B, but not both. Put M = H U B. 

Now let a G X. We denote by B a the set of all bases over a and by H a the 
set of all items in a. Put S a = B a U H a . For eeS„ let s(e) be the interval 
where i < j are the endpoints of e. A sequence P = (ei, . . . , e^) of elements from 
S (j is called a partition of a if s(ei) U • • • U s(efc) = a and s(a) fl s(ej) = for i ^ j. 
Let Part CT be the set of all partitions of a. Now put 

£ = {P\P e Parted G X}. 

Then for every P <E £ there exists one and only one a € X such that P € Part CT . 
Denote this a by /x (P) . The map fx'-P—*fx (P) is a well-defined function from 
£ into P(X). 

Each partition P — (ei, . . . , e^) s Parte- gives rise to a word wp(M) = wi . . . Wk 
as follows. If e P,j then = ej. If et — p e B a then = ^ e ^^. If e, = /x 
and A(/i) e P CT then Wi = A(it) e ^). The map f M {P) = w P {M) is a well-defined 
function from £ into F(M). 

Now set Lin = {£, fx, /m)- It is not hard to see from the construction that 
the cut equation LTq satisfies all the required properties. Indeed, (1) and (2) follow 
directly from the construction. 

To verify (3), let's consider a solution U = (ui, . . . , u pn ) of 0. To define 
corresponding functions [3u and a, observe that the function s(e) (see above) is 
defined for every e G X U M. Now for a G X put /%(er) = Ui...Uj, where 
s(er) = [i, j], and for m G M put a(m) = Uj . . . Uj, where s(m) = [i, j]. Clearly, a 
is a solution of LT^ modulo [3. 

To verify (4) observe that if a is a solution of Ilfj modulo /?, then the restriction 
of a onto the subset H C M gives a solution of the generalized equation Q. This 
follows from the construction of the words w p and the fact that the words w p {a{M)) 
are reduced as written (see definition of a solution of a cut equation). Indeed, if a 
base fj, occurs in a partition P G £, then there is a partition P' G £ which is obtained 
from P by replacing [i by the sequence hi., .hj. Since there is no cancellation in 
words wp(a(M)) and wp>(a(M)), this implies that a{p) e ^ = a(hi . . . hj). This 
shows that an is a solution of 0. □ 
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Theorem 3.4. Let S(X,Y,A)) = 1 be a system of equations over F = F(A). 
Then one can effectively construct a finite set of cut equations 

CE(S) = {ip 1 H = {£ u f Xi , f Mi ), i = 1 . . . , k} 

and a finite set of tuples of words {Qi(Mi) | i = 1, . . . , k} such that: 

(1) for every equation Hi = {£%, fxn fM t ) £ CE(S), one has Xi — X and 

(2) for any solution (U,V) of S(X,Y, A) = 1 in F{A), there exists a number 
i and a tuple of words Piy such that the cut equation Ip £ CE(S) has a 
solution a : Mi — » F with respect to the F -homomorphism (3jj : F[X] — > F 
which is induced by the map X — » U . Moreover, U = Qi(a(Mi)), the word 
Qi(a(Mi)) is reduced as written, and V — Piy(a(Mi)); 

(3) for any Hi £ CE(S) there exists a tuple of words Piy such that for any so- 
lution (group solution) ((3, a) of Hi the pair (U, V), where U = Qi(a(Mi)) 
and V — Piy(a(Mi)), is a solution of S(X,Y) = 1 in F. 

PROOF. Let S(X, Y) = 1 be a system of equations over a free group F, In 
1161 Section 4.4] we have constructed a set of initial parameterized generalized 
equations GE pal (S) = {f2i, . . . , f2 r } for S(X,Y) = 1 with respect to the set of 
parameters X. For each £ GE par (S) in |16l Section 8] we constructed the finite 
tree T so i(0) with respect to parameters X. Observe that parametric part [jv ,Pv a ] 
in the root equation Q = Q Va of the tree T so i(f2) is partitioned into a disjoint union 
of closed sections corresponding to X-bases and constant bases (this follows from 
the construction of the initial equations in the set GE pax (S)). We label every closed 
section o corresponding to a variable x £ X^ 1 by x, and every constant section 
corresponding to a constant a by a. Due to our construction of the tree T so i(f2) 
moving along a branch B from the initial vertex vq to a terminal vertex v, we 
transfer all the bases from the active and non-active parts into parametric parts 
until, eventually, in fl v the whole interval consists of the parametric part. Observe 
also that, moving along B in the parametric part, we neither introduce new closed 
sections nor delete any. All we do is we split (sometimes) an item in a closed 
parametric section into two new ones. In any event we keep the same label of the 
section. 

Now for a terminal vertex v in T so i(f2) we construct a cut equation IT^ = 
(£v ' fx v ) /m„ ) as in Lemma 13.31 taking the set of all closed sections of ft v as the 
partition X v . The set of cut equations 

CE'(S) = {H' v | £ GE pal (S),v £ VTerm(T sol (n))} 

satisfies all the requirements of the theorem except X v might not be equal to X. 
To satisfy this condition we adjust slightly the equations 11^. 

To do this, we denote by I : X v — > X ±x U A^ 1 the labelling function on the set 
of closed sections of f2„ . Put H v = (£ v , fx , /m„ ) where fx is the composition of 
fx v and I. The set of cut equations 

CE(S) = {ILj | fl £ GE paT (S),v £ VTerm(T sol (Q))} 

satisfies all the conditions of the theorem. This follows from jltil Theorem 8.1], and 
from Lemma l3~3*l Indeed, to satisfy 3) one can take the words Piy that correspond 
to a minimal solution of IL, i.e., the words Piy can be obtained from a given 
particular way to transfer all bases from Y-part onto X-part. 

□ 
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The next result shows that for every cut equation II one can effectively and 
canonically associate a generalized equation flu- 

For every cut equation II = (£, X, M, fx, /m) one can canonically associate a 
generalized equation Qjj(M, X) as follows. Consider the following word 

V = /x(ci)/m(0-i) • • ■ fx(<Jk)fM(<Jk)- 

Now we are going to mimic the construction of the generalized equation in |16l 
Lemma 4.6]. The set of boundaries BD of fin consists of positive integers 1, . . . , \V\ + 
1. The set of bases BS is union of the following sets: 

a) every letter /i in the word V. Letters X ±x U M ±x are variable bases, for 
every two different occurrences /i ei , pf 2 of a letter /i £ X^ 1 U M ±: in V we say that 
these bases are dual and they have the same orientation if 6162 — 1, and different 
orientation otherwise. Each occurrence of a letter a £ A^ 1 provides a constant 
base with the label a. Endpoints of these bases correspond to their positions in the 
word V 16, Lemma 4.6]. 

b) every pair of subwords fx(o~i), /m(ci) provides a pair of dual bases Aj, A(Aj), 
the base A, is located above the subword fx{(Ti), and A(Aj) is located above /m(oj) 
(this defines the endpoints of the bases). 

Informally, one can visualize the generalized equation fin as follows. Let £ — 
{<ti, . . . , crfc} and let £' = {a' \ a £ £ } be another disjoint copy of the set £. Locate 
intervals from £ U £' on a segment J of a straight line from left to the right in the 
following order a\, a{, . . . , <7fc, cL; then put bases over / according to the word V. 
The next result summarizes the discussion above. 

Lemma 3.5. For every cut equation H = (£, X, M, f x , fu), one can canonically 
associate a generalized equation flu(M, X) such that ifap : F[M] — > F is a solution 
of the cut equation II, then the maps a : _F[M] — > F and (3 : F[X] — > F give rise to a 
solution of the group equation (not generalized!) fi n = 1 in such a way that for every 
a £ £ fM(o~)(a(M)) is a reduced word which is graphically equal to f3(fx(o~)(X)), 
and vice versa. 

4. Basic automorphisms of orientable quadratic equations 

In this section, for a finitely generated fully residually free group G we intro- 
duce some particular G-automorphisms of a free G-group G[X] which fix a given 
standard orientable quadratic word with coefficients in G. Then we describe some 
cancellation properties of these automorphisms. 

Let G be a group and let S(X) = 1 be a regular standard orientable quadratic 
equation over G : 

m n 

(7) Y[ z i lc ^ Y[i x i, Vi]^ 1 = i) 

i=l i=l 

where q, d are non-trivial constants from G, and 

X = {x i ,y l ,z j | i = 1, . ..,n,j = l,...,m} 
is the set of variables. Sometimes we omit X and write simply S = 1. Denote by 

Cs = {ci, ...,c m ,d} 
the set of constants which occur in the equation S = 1. 
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Below we define a basic sequence 

r = (7l 7 72, • ■ • ,lK(m,n)) 

of G-automorphisms of the free G-group GLY], each of which fixes the element 

m n 

S^Ylz^c^Hix^y,} e G[X}. 

i=l i=l 

We assume that each 7 g T acts identically on all the generators from X that are 
not mentioned in the description of 7. 



Let to ^ l,n = 0. In this case K(m, 0) = to — 1. Put 

li ■ Zi -> Ziic^c^ 1 ), z l+1 -> Zi+^c-'c-r^ 1 ), fori 

Let to = 0, n ^ 1. In this case if (0, n) = 4n — 1. Put 



, TO 



74i-3 






for 7 = 


1,.. 


. ,n; 


74i-2 


X^ 




for 7 = 


1... 


. ,71; 


74*- 1 






for 7 = 


1,.. 


. ,n; 


74* 








Vi - 


y 



y»+i 



(j/i^i+i) V+i , for i = 1, 



X: 



+ 1 



1. 



Let m ^ 1, 71 ^ 1. In this case Z^(to, n) = m + An — 1. Put 



7i 


Zi — » 




c i+ i ), z »+l 




r Zi+ M 
c i+l /i 


for i = 1, . . . , to 


7m 


% — 


( 




-+*i 


, yi 




7m+4i-3 






for 7 = 1,. 


. . ,n; 






7m+4i-2 


Xj 




for 7 = 1,. 


. . ,n; 






7m+4i-l 


j/« -> 




for 7 = 1,. 


. . ,77; 






7m+4i 


Xf 


' (Vi X i+l) lx ii Vi 




Xi+l 












for 7 = 1,. 


. . ,77 - 


1. 



i; 



It is easy to check that each 7 6 V fixes the word So as well as the word S. 
This shows that 7 induces a G-automorphism on the group G5 = G[X]/ncl(5). Wc 
denote the induced automorphism again by 7, so T C Auta(Gs)- Since 5 = 1 is 
regular, G5 = G^sy It follows that composition of any product of automorphisms 
from r and a particular solution /3 of S = 1 is again a solution of 5 = 1. 

Observe, that in the case m / 0,n ^ the basic sequence of automorphisms 
r contains the basic automorphisms from the other two cases. This allows us, 
without loss of generality, to formulate some of the results below only for the case 
K(m, n) = m + 4t7 — 1. Obvious adjustments provide the proper argument in the 
other cases. From now on we order elements of the set X in the following way 

Zi < ... < z m < x\ < 7/1 < . . . < x n < y n . 

For a word w G F{X) we denote by v(w) the leading variable (the highest variable 



with respect to the order introduced above) that occurs in w. For v 
by j(v) the following number 



v(w) denote 



232 



O. KHARALMPOVICH AND A. G. MYASNIKOV 



3{v) 



in + 4i, if v = Xi or v = yi and i < n, 

m + 4i — 1, if i> = X; or u = t/j and i = n, 

i, if v = Zi and n 0, 

m — 1, if v = z m , 11= 0. 

The following lemma describes the action of powers of basic automorphisms 
from r on X . The proof is obvious, and we omit it. 

Lemma 4.1. Let Y = (71, . . . , 7 m +4n-i) be the basic sequence of automorphisms 
and p be a positive integer. Then the following hold: 



Hi 



z i{ c i* c i+l ) P i 

for i = 1, 



Zi+1 

. , m 



Im 






~> z m{Cm 




Xi 


* 1 


P 

Tm+4z- 


3 : 


y» -> 


V 


for i 


= !,-■ 


. ,n; 


' m+4i— 


2 : 




P 


for i 


= 1,.. 


. ,n; 




1 : 


y» -> 




for i 


= !,-• 


. ,n; 


P 




— 


(Vi x i+i 


) ^Xi 


y» -> 


y 4 - 






Xi+\ 


~^ X i+1 


— 1 \p 
i+l) 


2/i+l 


(2/t*ii) 



yi 



(c^-^i 1 ) p yi; 



/or i = 1, 



1. 



The p-powers of elements that occur in Lemma 14.11 play an important part in 
what follows, so we describe them in a separate definition. 

Definition 4.2. Let L = (71, ... , "f m +4n~i) be the basic sequence of automor- 
phism for 5=1. For every 7 G L we define the leading term A(^f) as follows: 





for i - 


= 1,.. 


, m — 1 










^-(7m+4i-3) = SCi, 


for i 


= 1,. 


.,n; 


A(7 m+4i _ 2 ) = y,, 


for i 


= 1, ■ 


. ,n; 


-A(7m+4t-l) = £i, 


for i 


= 1,. 


.,n; 


A(7 ro+4i ) = 


, for i 


= !,-■ 


. , n — 1 



Now we introduce vector notations for automorphisms of particular type. 

Let N be the set of all positive integers and N k the set of all fc-tuples of elements 
from N. For s 6 N and p £ N k we say that the tuple p is s-large if every coordinate 
of p is greater then s. Similarly, a subset P C N k is s-large if every tuple in P is 
s-large. We say that the set P is unbounded if for any sgN there exists an s-large 
tuple in P. 

Let 6 = (61, ... ,5k) be a sequence of G-automorphisms of the group G[X], and 
p = (pi, . . . ,pk) S N fc . Then by 5 P we denote the following automorphism of G[X]: 



S p = S P1 



Notation 4.3. Let Y — (71, ... , 7if) be the basic sequence of automorphisms 
for S = 1. Denote by the infinite periodic sequence with period T, i.e., r M = 
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{7i}i^i with ji+K = Yt- For j G N denote by Tj the initial segment of Too of 
length j. Then for a given j and pgN 3 put 

V^p — 1 j ~~ 7j 7j-i 7i ■ 
Sometimes we omit p from <^j )P and write simply cf>j. 

Agreement. From now on we fix an arbitrary positive multiple L of the number 
K = K(m, n), a 2-large tuple p G N 1, , and the automorphism <fi — (j>L. P (as well as 
all the automorphism <j)j, j ^ L). 

Definition 4.4. The leading term Aj = A(<j)j) of the automorphism is 
defined to be the cyclically reduced form of the word 



Lemma 4.5. For every j ^ L the element Aj is not a proper power in G[X]. 



if j ^ m + 4i — 1 + sK for any i = 1, . . 
^ J ~ 2 , if j = m + Ai — 1 + sif for some i = 1, . 



n, s G N;, 



PROOF. It is easy to check that ^4(7s) from Definition ^. 2l is not a proper power 
for s = 1, . . . , K. Since Aj) is the image of some A(-~f s ) under an automorphism of 
G[X] it is not a proper power in G[X]. □ 

For words w,u,v £ G[X], the notation 

to 



for some w' G where the length of elements and 



means that w — uo w' o v 
reduced form defined as in the free product G * (X). Similarly, notations 



mean that w = 



and w = 



Sometimes we write 



or 



w and 

u 

when 



the corresponding words are irrelevant . 

If n is a positive integer and w G G[X], then by Sub n (w) we denote the set of 
all n-subwords of w, i.e., 

Sub n (w) = {u | |xt| = n and w = w± o u o W2 for some w\, W2 G G[Jf]}. 

Similarly, by SubC n (w) we denote all n-subwords of the cyclic word w. More 
generally, ifWC G[X], then 

Sub n (W) = |J Sub n (w), SubC n (W) = [j SubC n (w). 

Obviously, the set Subi(w) (SubCi(w)) can be effectively reconstructed from Sub n (w) 
(SubC n (w)) for i ^ n. 

In the following series of lemmas we write down explicit expressions for images 
of elements of X under the automorphism 

K = K(m, n). 

These lemmas are very easy and straightforward, though tiresome in terms of nota- 
tions. They provide basic data needed to prove the implicit function theorem. All 
elements that occur in the lemmas below can be viewed as elements (words) from 



Pk Pi 

Tk ■ ■ ■ 7i , 



the free group F(X U Cs)- In particular, the notations 



, and Sub n (W) 
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correspond to the standard length function on F(X U Cs). Furthermore, until the 
end of this section we assume that the elements ci, . . . , c m are pairwise different. 



Lemma 4.6. Let m ^ 0, K = K(m,n), p — (p\, . . . ,px) be a 3-large tuple, 



4>k = Yk K •••7f- 

The following statements hold. 

(1) All automorphisms from T, except for 7i_i,7i (if defined), fix Zi, i — 
1, . . . , m. It follows that 

^4>K _ _ _<t>i 



for i = 1, . . . ,m — 1 . 
(2) Let Zi = zf'^ 1 (i = 2,... ,m), z\ = z\. Then 





- o (c 




H ) pt ~ 1 




-1 







for i = 2, . . . , m. 

(3) TTie reduced forms of the leading terms of the corresponding automor- 
phisms are listed below: 



A 1 = 



SubCz(A x ) 
Ai 

SubC 3 {Ai) 
A 2 

A m 

SubC 3 (A m ) 



o c* 2 



Z 1 Cl C 2 Z2 



A 2 = Aj" Pl c^f^,(m ^ 2) 
{z^ 1 azi, ciziz^ 1 , ziz 2 _1 c 2 , z 2 _1 c 2 Z2, c 2 z 2 2;f 1 , z 2 zf 1 ci}; 



A i-\ 



7~~ T C~ T Ci-lZi-l 



APi-1 



Z i — l C i—l c i z i 



Zi+l 



i+ i c i+1 z i+1 



i = 3, . . . , m — 1, 



5«6C 3 (A l _ 1 ) d 

U{c^_lZ^_lZj , Zi—\Z^ C{, Z^ CiZi, CiZiZi_Y, ZiZ^_^Ci_Y, 

CiZiZ i+1 , ZiZ i+1 Ci+i, z i+1 Ci + \Zi + \, c i+ iZi + iz { , z i+ \Z; L 1 c i 1 
A^^Mf a;j; 1 (m = 2); 

A -Pm-1 



z m C t7t. c m — 1 ^m— 1 



A P m -i 



-m-l'-m-l 



»1 



(n ^ 0,m > 2), 
^6C 3 (A m _ 1 ) ±1 



Cm2 m z m _[, c ra z m ij , z m x-^ z m , rr-^ Z m C m }. 
(4) The reduced forms of zf % ~ 1 ,zf i are listed below: 
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zf K = zf 1 = ci 


Zi 


Af- 1 




—i 

Z1Z 2 C2Z2 


-1 

Z x Cl C2Z2 



(m > 2) , 



SubC 3 (zf K ) 



{ dZxZ 2 \ ZiZ 2 ^2, Z 2 1 C2-22, C2X2Z! \ Z 2 Z 1 ^1, 2^ ^iZi}; 

Zi 



A pi-1 



zr = 



Z- — CiZi 



A 



Zi c i 1 c i+i z i+1 



Su& 3 (*r) 



(i = 3, . . . , m — 1), 
5u6C 3 (Ai_i) U SubC 3 {Ai) U {cj^r. 1 !, Zi^c^, 



=TT 



, (« = 0), 



r 0K _ 



— c m z m — c m z m 



-4 



-1 


-1 




rn — 1 




,-1 




1 c m z m 





(n^O), 



Sub^zf^ ) — Subs^Z^^^yjfoen n—0) U {c m Z m X^ , Z m X^ Z m , X-^ Z m C m }. 

(5) TTie elements zf K have the following properties: 



CiZiii (i = 1, ...,m- 1), 



where Z{ is a word in the alphabet {c^ 1 , . . . , c^j 1 , } which begins with 
c^ _1 , i/i 7^ 1, and wii/i Cj 2 , i/i = 1; 

= z m 5 m (n = 0), wftere i m is a word m f/ie alphabet {cf 1 , . . . , cj^™} ; 

= c m 2; m z m (n ^ 0), w/iere £ m is a worrf in the alphabet 

Moreover, if m > 3, £/ie word (c^™) ±:L occurs in zf K (i = m— l,m) o/i/t/ 
as a part o/ i/ie subword (JXiLi C H*) ±1 • 



PROOF. (1) is obvious. We prove (2) by induction. For i ^ 2, 

z»: = zj 



Pi-l 

z- 



Therefore 

z i = z i (c^c*r i - i = zi°(4r?°c*r i - 1 , 

and the claim follows by induction. 

Now we prove (3) and (4) simultaneously. By the straightforward verification 
one has: Ax ■ 



4 1 = zf 1 ' = zii&cgy* = |ci ozi oc z 2 2 o A? 1-1 



ci z 2 

Denote by cycred (w) the cyclically reduced form of w. 



A, = cycred ((cf c^" 1 ) = 



5v 

c i oc i+l 

— =T 

z ; z i+ i 



(i < m — 1). 
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Observe that in the notation above 



~ Zl = ZiA^ 1 (i > 2). 



This shows that we can rewrite A(4>i) as follows: 

beginning with z^ 1 and ending with z i+ i ( i = 2, . . . ,m — 1); 

A m = cycrcd (cf^xV 1 ) = cf^xT 1 = A^f 1 o <%? o o a;" 1 (m > 2). 

beginning with z^ 1 and ending with x^ 1 ( n^O). 

beginning with Zi and ending with z$; 

= c t o z, o A?!^ 1 o q+Y o Af _1 , 
beginning with Cj and ending with z^ + i (i = 2, . . . , m — 1); 

2 m" = {. z m( c m x l ) Pm ) — Z m (c^ > X± ) Pm 

= CmOZmO^oa^Oi^- 1 (n^O), 
beginning with c m and ending with #7 . This proves the lemma. 



□ 



In the following two lemmas we describe the reduced expressions of the elements 
xf K and yf K . 

Lemma 4.7. Let m = 0, K = An — 1, p = (pi,.. . ,Pk) be a 3-large tuple, and 

(1) All automorphisms from T, except for 72, 74, fix xi, and all automorphisms 
from r, except for 71, 73, 74, fix yi. It follows that 

4>K „<t>i -,4>K ,,4>4 



XV = x 



(2) Below we list the reduced forms of the leading terms of the corresponding 
automorphisms (the words on the right are reduced as written) 

Ai = xi; 

A 2 = xfyi = A^ o yi ; 



A 3 = A%?- V x? + Vi, 

~x\ xiyi 

SubC 3 (A 3 ) = SubC 3 (A 2 ) = {x\, x\y x , xxy x x u y x x\) ; 



A 4 = 







\ P3 




( 


Af 


X1 ) 


A 2 




x 1 xiyi 




■2 

x 1 xiyi 


4 




yixi 





X2 1 («>2), 



SubC 3 (A/C) = SubC 3 (A2) U {x\y\x 2 1 , yix 2 1 x\, x 2 1 x\}. 
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(3) Below we list reduced forms of xf J , yf 3 for j = 1, . . . , 4: 
xi; 



xf 



Vl 



Pi 

%i 2/1 ; 



vr = 



x 1 xiyi 
Pi 

x'i j/i ; 



Xi; 



A? 



x 1 xiyi 

Sub 3 {x\ K )( when „ = i) = SubC 3 (A 2 ); 



( 


A? 






x\ xiyi 




a 


5 
l 


xiyi 



~P1 

xi 2/i ; 



Sub 3 (yf K )( when n=1) = SubC 3 (A 2 ); 



"(P4-1) 



£2 


^2 


(xi 1 


A- p2 


)P3-1 








-1 -1 -'2 
Vl x x x x 








x l 1 Vl 


V 1 





(n ^ 2), 

5m& 3 (^ k ) = Su&CsCAt)" 1 U SubC^A?)- 1 U {x- 2 x 2 , a^afcyf 1 . 
x 2 y l 1 x 1 1 , xf 3 , x^yf^x^y^xr 1 } (n > 2); 



2/1 - 



-(P4-1) 



=T =T 

X2J/! 



X 2 



— 2 =T 

x x yix 2 



(n ^ 2), 



Sub 3 {yf K ) = SubC^Ai)* 1 U {xf 2 x 2 , xf^xi, x 2 x 2 } (n ^ 2). 

PROOF. (1) follows directly from definitions. 
To show (2) observe that 



A x 


= A(ti) = 


= XV, 


x i 


= a;i; 




2/i 


= <2/i = 


= A? o Vl . 


Then 








^2 = 

x l — 
2/f 2 = 


cycred(A(7 2 ) 01 ) = cycred^f 1 ) = x Pl oy 1 = A\ x oy i; 
(xf )^ = (2/f^i)^ 1 = (iTjftfii - ox i; 
(j/f) 7 " =2/7 r =^ 1 2/i = 4*. 


Now 








^3 = 


cycred(yr 01 A( 7 3)* 2 2/f 1 ) = cycred((xf yi)" 1 ^ (xf yi )) 
cycred( (xf yi ) ~ 1 (xf yi ) P2 x 1 (xf yi ) ) 

W 2/i) P2 -M 1+1 2/i = ^ 2_1 o o j/i. 



ft follows that 



fa _ f^ 3 > 



(x/3 



'■a . 
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yf 3 = {yff 2 = K 3 yi) 02 = (4 2 ) P3 yf 2 = °*i) P3 ° M- 

Hence 

A 4 = cycred(A(7 4 ) 03 ) = cycred^f 3 :^ 03 ) = (A?, 2 o Xl ) P3 o A 2 o a;" 1 . 

Finally: 

= (X? 4 )*3 = ((tfx^ 1 )-"^!)* 3 

= Al (pi - 1] ox 2 oA- 1 o( x - 1 oA- p2 f 3 - 1 

vt = (yf)^^(y[ Vl ^ 1)P4 )^ 

= (W)^ y * ( ( y lX -i)*.)« 

= Wms< = ^4 (P4_1) ^ V 



= a; 



(P4-1) 



ox 2 oif. 



This proves the lemma. 



□ 



Lemma 4.8. Let m/0, n ^ 0, K = m + &n—l,p = (pi, ■ ■ ■ ,Pk) be a 3-large 
tuple, and 

<S>K = l P K K ---ll 1 . 

(1) All automorphisms from T except for 7 m ,7 m +2,7m+4 fix X\; and all au- 
tomorphisms from T except for 7 m , 7 m +i, 7 TO +3, 7m+4 fix Vi- It follows 
that 



„<t>K _ J>r, 



■+* n ,9K 



Vi 



yf m+4 (n>2). 



(2) Below we list the reduced forms of the leading terms of the corresponding 
automorphisms (the words on the right are reduced as written) 



A m +i 

A m +2 



= Vi 



A-P" 



Pm+1 

x\ + yi, 



SubC 3 {A m+2 ) = SubC^Am)- 1 

U{c m z m X!, z m x\, x\, x\yi, xiyixi, y 1 x 1 z m 1 }; 



A m+3 = 






xi + yi 




iiz^ 1 xiyi 







SubC 3 (A m+3 ) 

A m +4 



SubC 3 (A m+2 ); 



o x p r +1 yi 



\ Pm + 3 



APm+2-1 
/i m+2 




xij 


x\ m ^yix 2 x 


xiz^ 1 xiyi 


^iz^ 1 c m z m 







(n>2), 

SubC 3 (A m+4 ) = SubC 3 {A m+2 ) U {xmx^ 1 , y 1 x 2 ~ 1 x 1 , x 2 1 x 1 z~ 1 } 
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(3) Below we list reduced forms of x[ 3 , yf 3 for j = m, . . . , m + 4 and their 
expressions via the leading terms: 
xf m = A m P- o xx o 



Vi = A m Pm °yi,xf 



m ' 
+ 1 



'1 > 



+ 2 _ „<PK 



1 {when n— 1) 







Xl 


m 


xiz^ 1 xij/i 


XlZ" 1 CmZm 







Sub 3 (xf K ) { 

when n— 1) 

= SubC 3 (A m+2 )USubC 3 (A m )U{z m x 1 z m 1 , XiZ^c^}; 



„,<Pm + 2 _ -.Pm+1 
Vl —Hi 7 



1+3 „<Pm+2 



<Pm + 3 _ 0K 

"1 "1 (when n— 1) 



S 1 2 m C m 2„ 



/1 m+2 


4 ]"Pm 




Pm + l 

x\ yi 


Zlj/l 


c m 2 m 







Sub 3 (yf K ) =i whe n n=i) 5 , u6C 3 (A m+2 ); 



'm+4 _ 0jr 



1 (when n^2) 



1 ro+4 

— r — 



X2l/! 2mli 



a; 2 2/r 1 a ; / m+1 o 





/1 m+2 


Vi 


-1 -i -1 




x^ z m x^ 




Sub 3 {x\ 




= SubC 3 (A m+2 


yf^ = 




K 

(when n^2) 




Sub 3 (yf 
(n ^ 2). 


*) 


= SubC 3 (A m+4 



-1 -Pm+l 



|-(Pm+4-l) 
i m+4 



:r 2 



.4 



P m + 4 

m+4 



=1 =T 

xiz m yix 2 



(n > 2), 



(n > 2), 



-i™ »-i„ 



PROOF. Statement (1) follows immediately from definitions of automorphisms 

of r. 

We prove formulas in the second and third statements simultaneously: 

-x, m = AJ™ ono#;, 



beginning with x\ and ending with x^ 1 . 

Vt = {(c Z ™Xi 1 )- Pm yi) 4 " n - 1 = A m ^oy u 

beginning with X\ and ending with y\. Now A m+ i is the cyclically reduced form of 

A{ lm+ i)^ = xf- = A-?"> o X! o 
A m +i = xi. 
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beginning with X\ and ending with yi, moreover, the element that cancels in 
ducing 

A^A-P-y, is equal to Aft. 

A m +2 = cycrcd(A(7 m+2 )^ m + 1 ) = cycred(yf m+1 ) = A m Pm o x Pm+1 o y u 
beginning with x\ and ending with y x . 

Pm + 2 \ l 

xl m+2 



= (yi™+y^xi m+1 

= A-?™ o (x\^ o y x o Agg- 1 ° A m y^ o Xl )o Aft , 
beginning with x\ and ending with x^ 1 ; 



y? m+2 = vl m+1 . 



si-m+3 — 2/1 x 1 y 1 

_ AP m+ 2-l A-p m Pm+l+1 

beginning with and ending with yi; 



T. + 3 _ J»m+2 



= X 



y *n +a = (a;?ra+a)Pra+ s yfm+ l 

beginning with iri and ending with y\. Finally, 

A m+4 = cycrcd(yl(7 m+ 4) 0m + 3 ) - cycred((y 1 a ; ^ 1 )^+ 3 ) = yf m+3 o x^ 1 , 
beginning with xi and ending with x^ 1 ; 

= ((W m+3 r +4 ^ +s 

= ((x 2 jvr 0m+l (^ m+2 )- pm+3 ) Pm+4 4 m+2 

= (X 2 y^ m+3 r^- 1 o x 2 o y- 1 o 

o (a^ o Aft o A m ^+ 2 o ^ o X -^) Pm+ ^ o A^, 
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beginning with x 2 and ending with x 1 , moreover, the element that is cancelled 
out is xf m+2 . Similarly, 

yf m+4 = (x 2 y-^Y^ V i^{yi^x^Y^ 

= {xzy-^y^' 1 o x 2 o (yf^x^f^ 

beginning with x 2 and ending with x 2 X , moreover, the element that is cancelled 
out is yi . 

This proves the lemma. □ 

In the following lemmas we describe the reduced expressions of the elements 
xf J and yf J . 



Lemma 4.9. Let n ^ 2, K = K(m, n), p = (pi, . . . ,Pk) be a 3-large tuple, 

4>k=1 p k k ...7f- 
Then for any i, n ^ i ^ 2, the following holds: 

(1) All automorphisms from T, except for 7 m +4(i_i) , 7m+4«-2, lm+Ai fix Xi, 
and all automorphisms from T, except for 7 TO +4(i_i), 7m+4i-3, lm+Ai-i, 
Im+n fi x Vi ■ It follows that 

T 4>K _ 4>K-1 _ _ m+ 4, 

yf" =yf K - 1 = ... = yf m+4 \ 

(2) Lety, =yf m +«- 1 . Then 

Vi = 



XiVi-l X *V* 

where (for i — 1) we assume that y — x± for m — 0, and yo — z m for 
m ^ 0; 

(3) Below we list the reduced forms of the leading terms of the corresponding 
automorphisms. Put qj = p m+ m_u + j for j = 0, . . . ,4. In the formulas 
below we assume that yo = x^ 1 for m = 0, and yo = z m for m/0. 



A m +4i-4 — 

SubC 3 (A m+4i - 4 ) = 

A m +4i-3 = 

A m +4i-2 = 

SubC 3 (A m+4i - 2 ) = 

A m +4i—l = 

SubC 3 (A m+4i _i) = 



-=i 



x i-lVi^2 x i-lVi-l x i 

Sub 3 (yi-i) 

Uixi-m-iX^ 1 , y l - 1 xr 1 x i _ 1 , x^Xi-xy^}; 



A-10 
^1 =T- 



91 

xfyi 



X iVi-l Vi~2X i _ 

SubCziAm+^-i) 

^{yi-ixj}^, x~\x\, xfy t , xiyiXi, ytXiy'^xf}; 



492-1 

^m+4i-2 


A-10 


91 + 1 

xf yi, 


x iVi-i x iVi 







SubC 3 (A m+4l - 2 ). 
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(4) Below we list the reduced forms of elements X ^" ,+4 <^ 1 >+ J ^ y^m+H'-v+i j or 
j — 0, ... ,4. Again, in the formulas below we assume that y = x^ 1 for 
m = 0, and y a = z m for m ^ 0. 



4>m+M-3 
X,- 



y 



x\ 



4-90 490 

^m+Ai-A u x « ° ^m+Ai-A' 



m+Ai-A ° J/« 

0m + 4i-4 



= X 



2 


4 92 

^ L m+4«-2 


4-90 

^ L m+4i-4 




4 90 

^m+Ai-A 






XiVT-i S/i-2a; l r -i 




x i-lVT-2 Vi-l x J l 



<p m + 4i-2 0Jf 

^2 [when i—n) 7 



Sub 3 (xf K ) = ( wh en i=n) SubC 3 (A m+it _ 2 ) U SW7 3 (A m+4i _ 4 ) ±:L U 



^ (when i—n) V{ 



A-10 

^-m+Ai-A 




A 92-1 


4-90 

^m+Ai-A 


i 


Ql 


x iV^-i Vi-2X~2 1 






x iVi-t Vi-2 X ~1 X 







Sub 3 (yi) = SubC 3 (A m+4i - 2 ) U Su6C 3 (4m+4i-4) 1 U {y, 

3 — 1 2 t 



0m+4i _ 


(when i^n) ^{ 


4-94+1 

^m+Ai 






-1 

Xi+lDi Vi-l x i 




4 90 

■"■m+Ai-A 


4-92 + 1 

^-rn+Ai-2 




x i-lVT-2 Vi-i^ 1 


VT 1 ^ 1 J/i-iz" 1 



Xi+i o y t ^ 91 o 



93-1 



490 

^m+4i-4 



z.-ll/^ Vi-l x i 1 



Su6 3 (a;f*) = SufiCs^-Hi) -1 U SuftCsG^-HM^) -1 U SubC 3 (A m+4i - 4 ) 
U {y i - 1 xr 1 x i+1 , x^Xi+iy^ 1 , Xi+iy^x^ 1 , y^x^ 2 , x^ 3 , xT 2 Xi-i, 

x^Xi-iyr^, yi-xx^Xi-x, y^x^yr 1 , x^y^xr 1 }- 



4-94+1 

fhn+Ai 



x i + lVi Vi-l x i 



X i+ l 



Vi 



494-1 

■ "■m+Ai 



x ,V t -! Vi x i+i 



Sub 3 (yf K ) = SubC^A^^ 1 U Sub 3 (yi) U {y i - 1 xr 1 x i+1 , 

%i Xi-^-iXi, Xi+iXiy i _-^, XiyiX^^, yix^^xi, x^^xiy^ ^}. 
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PROOF. Statement (1) is obvious. We prove statement (2) by induction on 
i ^ 2. Notice that by Lemmas S3 an d EH Vi = yf m+3 begins with X \ and ends 
with j/i. Now let i ^ 2. Then 

= yf 

Before we continue, and to avoid huge formulas, we compute separately x ^ m + i, -- i 
and y f"+ 4 - 4 : 

by induction (by Lemmas 14 . 71 and 14 . 81 in the case i = 2) beginning with Xiy~\ and 
ending with y^ix^ ■ 

yf^-* = ((w-xxr^-^w)^ 4 " 0-1 
= (yi-iasr 1 )"*^ 
= («» o^i) 90 °!/.- 

beginning with Xiy~\ and ending with x~\yi. It follows that 

(a .« y .f m+ u-, = ( Xi yr_\y° o o {yi-ix^yo {x . y-i i)9 o w 

beginning with Xiy~\ and ending with xiyi. Now looking at the formula 

y i = (((xTy i yx i y xfyi)*^-* 

it is obvious that ?/j begins with Xiy~\ and ends with a^j/i, as required. 
Now we prove statements (3) and (4) simultaneously. 

A m+ u-i = cycred((j/i_ia;~ 1 ) '™+ 4 < 1 - 1 )- 1 ) = jfi-i ^ 1 , beginning with iz^-i and 
ending with x~ x . As we have observed in proving (2) 

*f m+41 - 4 = (zi£ii) 90 ° ^ ° (y.-i^r 1 ) 90 = ° ^ ° 45+«- 4 > 

beginning with a;, and ending with x^ 1 ■ 

beginning with a;^ and ending with t/j. Now 

^4.m+4i-3 = cycred(xf m+4l ~ 4 ) = Xj, beginning with Xi and ending with Xj. 
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4> m +M-3 

x i 

yf m+ii - 3 = {xfyA*—* 

A~ qa o T qi a A qa A~ qa 011 

beginning with Xi and ending with yi. Now 

A m +a-2 = yf m+4 '~ 3 , 
xf m+4 *- 2 = {yfx l f— 3 

- A q2 n A~ q ° n t- n A q ° 

~ Ii m+4i-2 u ^m+4i-4 u x i u ^m+4i-4' 

beginning with Xi and ending with x7 L x . It is also convenient to rewrite xf 
(by rewriting the subword A m+4i _ 2 ) to show its cyclically reduced form: 



1-9° 

1 m+4i— 4 



(xf o y, o A^;i_ 2 o A"%,_ 4 o x 4 ) 



°^m+4j-4- 

m+ 4,-2 = m+ 4,-3 

Now we can write down the next set of formulas: 

A ro+4i _i - cycred(y-^ + - 3 a ;f'" + — y f'" + - 3 ) 
= c~ycred(A m+ii _ 2 A q n+ii _ 2 A rr { 1 +ii _ i 

- /4 92_1 o A~ qo a T qi+1 



■ A qa A 

>'^m+4i-4^-r. 

m+4i-2 ° An+4i-4 ° X T ° Vi 

beginning with Xi and ending with yj, 

zf"^- 1 = , yf— 1 =y i = (xfyi)^-' = {xt m+tt -')^yt m+tt -' = 

substituting the cyclic decomposition of x ^ m + 4 '- 2 from above one has 

= A~ m q Ui-4 ° {xf o Vl o A%-1_ 2 o A m q U-4 ° ^)" 3 ° x f ° Wi- 
beginning with irj and ending with yj. 
Finally 

A m+ ± t = (y^r+i)^^" 1 = W ^ r +n 
beginning with Xi and ending with xT^ . 

xt— = (( yi xr + \)- q * Xi )*^ 
= (y t x- + \)- q *xt—i 

_ 4-94 + 1 - 1 * m + 4i-l 

— A m+4i Xi+Wi x i 



ALGEBRAIC GEOMETRY OVER FREE GROUPS 



245 



Observe that computations similar to that for yf m+4z 1 show that 



((. 



+4i-2^3-ly0m+4«-2 



-90 

" L m+4j— 4 



r- 

(xf o Vl o A^- 4 \_ 2 o A m q ° 4l _ 4 o a;,) 3 o of o y. 



Therefore 



0m+4, _ 4-94 + 1 

— -^m+4i oa; M-l 



, 93-1 



I A m+4i-4 ° \ X T ° Vi ° A Z+li-2 ° A J+U-i ° X i) ° X V ° Vi 



beginning with x i+ i and ending with x i 1 . 



Pm+4i _ / {Vi^i+l)" 



= Ki+t 1 x 7+i ° A Z+li > 

beginning with x^+i and ending with x^,^ . This finishes the proof of the lemma. □ 



Lemma 4.10. Let to > 2, n = 0, K = K(m, n), p — (pi, . . . &e a 3-large 

tuple, 4>k=1 P k ■■■ ll 1 , and X*** = {x* K 



(1) Sub 2 (X ± <t"<) = < 



x E X ±1 }. Then the following holds: 

±i 



Z 3 Z j+l 

ZmXi ; 2Vn X 1 
2 

Xi+iy^ 1 , x^Xi+i, x l+i Xi (l<i<n-l) 



(1 j m), 
(l<j<m-l), 
(t/ m^O.n^O), 
(Ui^ n), 



moreover, the word 1 Cj, as well as CjZj, occurs only as a part of the 
subword (zJ 1 CjZj) ±1 in x^ K (x 6 X ±x ); 
(2) SubsiX^) = 



z j c j z j ' 

c j z j z j+ii z j z i+i c j+i-> z j z j+i c j+ii 

— 1 2 2 
*^2 X l ' ^2*^1 ) 

z m%li 

Cm^m^i ) C m Z m Xi, Z m X-^ Z m , Z m X^, Z rn X^ y^ , 

^m^i ^2? ^m^i ^2 ' 

c l z l z 2 i 
3 2 
i x iVi^ XiUi'Kii 

X i ^i+l^ii yi^i-^i^ij ^lUi^i-i-ii 

— 1 2 —1 
• C i-l a 'j ' Vi x iV%-\i 

K. y l -2x^ 1 xr 1 , y^zr^a- 



(1 ^ j < to), 
(1 < j < m - 1), 
(to = 0, ra = 1), 
(to = 0, n ^ 2) 
(to = 1, n ^ 0) 
( to ^ 0,n ^ 0), 
(to ^ 0,n ^ 2), 
(to ^ 2), 
(1 ^ i < n), 
(1 ^ i < n — 1), 
(2^K n), 
(3^i^ n). 



±i 
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(3) for any 2-letter word uv G Sub2(X^ K ) one has 

Sub 2 (u 4 ' K v' t ' K ) C Sub 2 (X ±<l ' K ), Sub 3 (u' t ' K v 4 ' K ) C 5wfe 3 (X ±fe ). 

Proof. (1) and (2) follow by straightforward inspection of the reduced forms 
of elements x 4 ' K in Lemmas PI 12771 PI and PI 

To prove (3) it suffices for every word uv G Sub 2 (X ± ' t ' K ) to write down the 
product u^ K v^ K (using formulas from the lemmas mentioned above), then make 
all possible cancellations and check whether 3-subwords of the resulting word all lie 
in Sub 3 (X ± 'f' K ). Now we do the checking one by one for all possible 2-words from 
Sub 2 (X ±( t> K ). 

1) For uv G {cjZj, zj c$) the checking is obvious and we omit it. 

2) Let uv = ZjzJ^ v Then there are three cases to consider: 
2. a) Let j ^ m — 2, then 



v <t>K 

z i 


Z j+l 


* c j + i z i + i 


Z ] + 2 C j + 2 * 



in this case there is no cancellation in u^ K v^ K . All 3-subwords of 
u^ K and v^ K are obviously in Sub 3 (X ± ^ K ). So one needs only to 
check the new 3-subwords which arise "in between" u^ K and xr K 
(below we will check only subwords of this type). These subwords 
are Cj+iZj+izj~^ 2 an d z j+i z ]+2 c J+2 which both lie in Sub^X^*). 
2.b) Let j = m - 1 and n ^ 0. Then 

iz~ 1 ) 4 ' K - 



again, there is no cancellation in this case and the words "in between" 
are c m z m x\ and z m x\z~^, which are in Sub3,(X ± ^ K ). 
2.c) Let j = m—1 and n = 0. Then ( below we put • at the place where the 
corresponding initial segment of u^ K and the corresponding terminal 
segment of v^ K meet) 



(z m ~iz m )' 



,<t>K 



APm-A 
Cm— lZm—l-^rn —4 ^ 



•A 



p m _i— l 



.4; 



(cancelling A p r ^_l 1 and substituting for 
j4~_j its expression via the leading terms) 

Cm — \Zm — 1-A 



m—4 m 



t A-Pm-4 -*m- 
Hn— 1 



m—4 



f±m-4 
—=1 



Here z^_ 1 is completely cancelled. 
3. a) Let n = 1. Then 



(z m x-^ ) K 



Cm 



jPm-l -1 jp m -l j-p M -1 yipm /lPm+2 
■"■m-l x l ^m ^m x l ^m /i m+2 



y.Pm-1 -1 JR. A+2 

Z m A m _ 1 X 1 Ji m A. 



x i l± m-l 
in +2 



i a p „: 



"1 ^m /i m+2 



and is completely cancelled. 
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3.b) Let n > 1. Then 

y ^.-^\4>K _ „ ~ APrn-1 -1 Ap m -1 

^-m \ x l A m /i m+2 Vl x l I x l i/l x 2 ^m+4 



Pm+2+1 -1 " 
+ 2 ill X l 



Pm+l\-p m+3 + l„Pm+l 



i </i x 2 ^771+4 



Pm+M-Pm+3 + l 



"m^m^4 m -i x \ A, m {Xi A^ 1 A Ti 

x l yl x 2 ^m+4 

7 A Vm - x 



1 /lP™+4-l 



and is completely cancelled. 
4.a) Let n = 1. Then 

f r T A*K - 7 4P"-l r -l /IPm-l . A Pm + 2 /1-p m JP„ 



and 2™ is completely cancelled. 
4.b) Let n > 1. Then 





m 






-1 


-1 

MS 1 ! * 



5. a) Let n = 1. Then 



^m+2 ^l^rn A m+2 A m x l Ji m 



APm+2 A-P m „^ APm . / A^ Pm T Pm + 1 lH \ A Pm+2 ~ 1 A~ Pm A p ' 



APm + 2 



A~Pn 









„<Pk 



5. b) Let n > 1. Then 

x?« = 

6. a) Let 1 < i < n. Then 

20/f /1-94 + 1 -1 -!w -lift 4~<7 2 + 1 ?;- 1 r~ 9 M g3 ~ 1 

x i — /1 m+4i x i >> x ^ 1 m+4i-4 yl m+4i-2i'i x i J 



a>2yi 



a go 



Vi-lXi 



A-qi + l 




* *. 



6.b) 



A"L 



,A 



-qo 



m+in— 2- rL m+in— 4 x ™^ L m+4n — 4 



4?0 



.4<?2 4~ < ?° -r 

^m+4ri-2^ 1 m+4n-4 x ™^ 1 m+4n-4 



= Al 



-qo 



m+in— 2^ L m+4n— 4 X ™^ L m+4n— 4 



.4-90 x 9l„ 492-1 4-90 490 

J ^m+in-i x n yn^m+in^^m+in-i^n^m+in-A 



492 

-"■m+An-2 



1-90 

1 m+4n-4 J 



7.a) If n = 1. Then {x iyi )^ K = A p ^A^xi ■ x\ m+1 * *. 
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7.b) If n > 1. Then {xiyi)** = 


„4>K 

x 1 


yf K 




-1 

Zjn x l 





7.c) IfKkn. Then 

{xiVi)+ K 



y 



4>K 



Xi+iVi 



7.d) {x n y n )+* 







& fl 





8a) If n= 1. Then 







x l 




ziyi 





8.b) If n > 1. Then 

= ^ m +T 4 + la; 2^m+4 ' X 2 yi 1 X~ Pm+1 O * * 

= ^m+4 + x 2j4 m P "*(^i + J/l^m+2 A m Pm Xi ) Pm+:> X P + 2/iX 2 



^yr^i" Pm+1 ' 



1 0^+3-1^, 

^m+4 +4 x 2^ m Pm ( x i m + 1 yi J ^+2 



8.c) (y„x„)^ = 









x nVn — 1 



9.a) If n = 2, then 

(^2j/i X ) K = ^m+6^m+4- 

9.b) If n > 2, 1< i < n. Then 



(ariS/i_i) 



l 



4-94+1 
— -P^j 



x i+ i o ^ ^ 91 



^a; 


-1 

i 


490 

^ L m+4i-4 


4-92+1 

^-m+4j-2 








-1 -1 


-1 -1 








490 


■A 










-1 -1 

lVi-2 Vi-l^i 









93-1 



490-1 



4-94 + I 

— 



x l+1 o j/. ^ 91 



93-1 





490 


/1-92 + 1 
^■m+4i-2 




Zi-lS/^ Vi-i x i 


Z»-U/i_2 Vi-l x i 




490-1 

^m+4i-4 






z»-i3/i_2 Vi-i x i 





9.C) (XnlZ-ii)^ = 



492 

^ 1 m+4n-2 


A m +4n-4 




-1 
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10. a) Let n = 2, then 



-^m v x l i/l^Sn+2 '''I/ x l S/l x 2 ^m+A I1 m+6 yl m+4 x 2^- m +4 

A m \ X 1 i/l yi m+2 X lJ x l i/l x 2 \+4 

A-^( a; r +i y 1 <Y2 2 " 1 ^ pm ^r m+3 - 1 ^ m+i 2/i^" 1 



-1 4 Pm + 4-l ,-p m + 4 r 



4-1 J>m +5 / 4 -Pm+4 Pm+5 \p m+6 - 1 4 -Pm+4 4P™ + 4 
/1 m+4 x 2 i/2^ m+ 4 x 2 i>2j ^ 1 m+4 x 2^1 m+ 4 



^4_-p„ 



-1-1 



-Pm+2+1 -1 - 

m+2 i/l x l 



Pm+1 



4P m T P™+ 
x 2 



-Pm+4 Dm+B 
m+4 x 2 



,-p m+4 xPm+4 

lO.b) If 1< i < n - 1, then 
10. c) Similarly to 10. a) we get 



X. 



i±l 



x i+2 y i+1 



A. 



-Pm + 4n-i 

2n+An-8 



r _1 A 



m+4n — 8 



A 



11. a) If 1 < i < n - 1, then 

(zi+ia*)** 

An,+4i+4 X «+2 jVi+1 X i+l Am+4i An.4i+2J/*+i X i+ 1 



Pm + 4n-6 + l 

m+4n — 6 



* *. 



.97 — 1 
95 ^ 4 94 

^ 1 m+4i 



4-94 + 1 -1-91 

^+41 x t+ iy l x 4 



^■m+4i-4^mli-2iVj 



"92 + 1, 



91 



93-1 



A 10 

^m+Ai-A 



4-98+1 -1 -g 5 / -1 ,g. 

^ i m+4j+4 x «+2;yi+l x i+l l^i+l-^n 



4-96 + 1-1 ^-95^ 
m+4i^ 1 m 4 i+2yi+l x i+l ^ 

i 93-1 



9M^ A 



m+Ai 



( Ala A~ q2 + 1 ir 1 T~ qi \" A q ' 

l x i ^ 1 m+4i-4^ 1 m 4 i-2i/i x *' ' ' 



4-98+1 -1 -g 5 f -1 49. 

^ L m+4i+4 x i+2.yj+l x i+l ^j+J^ 1 

4-90 T 9i,;-4 92 - 
yl m+4i-4 x i i/*^m+4i-2 



4-96 + 1-1 -95 
+ I^ t m+4i^ 1 m4i+2»i+l x i+l 



9i V , 

) J± m+4i-4 
97-1 



ll.b) If n > 2, then 



4-90 

/1 m+4i-4 x * 


490 




a; — 1 x 


-1 

a:«-ll/ i _2 


* * 


A~ 10 vi 


A 90 

777, 









ll.c) 



T 4« 4 . 4-94 + 1 -1 -gi 

m+4ra-2^ L m+4n-4 x n^ 1 -?Ti+4n-4 ^ 1 m+4n-4 x ™4'n-l x ri-l 



496 4-94 
^m+An-l-"-, 



4-92 + 1 -1 -91^93-1490 
+4n-8^ 1 m+4n-64'n-l x n-lJ ^-m+An-8 



A~ qa T 
^ L m+4rt-8 x «-l 



n Q^TL — 1 



4 90 

^ 1 m+4rt-8 



x n -2V„ 
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11. d) Similarly, if n = 2, then 

{x 2 xi)' t " < = * * 



* * 








z m x l 





This proves the lemma. □ 

Lemma 4.11. Let to > 2, n = 0, K = K(m,0). Let p = (pi,...,pk) be 
a 3-large tuple, 4> K = 1 V k ■■■7i 1 i and X ±4>K = \ x E X ±x }. Denote the 

element 

cf eF(XUC s ) 

by a new letter d. Then the following holds: 

(1) Every element from X^ K can be uniquely presented as a reduced product 
of elements and their inverses from the set 

X U {ci, . . . ,c m ^i,d} 

Moreover: 

— all elements zf K ,i ^ m have the form zf K = CiZiZi, where Zi is a 
words in the alphabet {c^ 1 , . • • , c™Z\ , d}, 

~ z m = z mZ m , where z m is a word in the alphabet {c Zl , . . . , c^Z\ , d}. 
When viewing elements from X^ K as elements in 

F(XU{ci,...,c m _i,d}), 

the following holds: 

!CjZj (1 < j < to), 

zT x c h ZjZj^ (1< j<m-l), 
z 2 d, dz m 1 _ 1 

Moreover: 

— the word z rn z^_ 1 occurs only in the beginning of zf^ as a part of the 
subword 

z ™ z m-l c m-l z "i-l 

— the words z 2 d, dz m 1 _ 1 occur only as parts of subwords 

(ci 1 c 2 2 ) 2 dz m _ 1 c m _ 1 z m -ic m -i 
and (cf cf fd. 

!Zj CjZj, CjZjZj +1 , ZjZj +1 Cj +1 , (1 ^ j ^ to — 1), 
2 J*i+i<* +1 f ( (l<j<m-2), 

c 2 z 2 d, z 2 dz~ 1 _ 1 , dz^_ x c^_ x , 

Proof. The lemma follows from Lemmas 14.61 and 14.101 by replacing all the 
products c z x . . . c^" in subwords of X ± ^ K by the letter d. □ 

Notation 4.12. Let m ^ 0, and if to = 1, then n^l; K = K(m,n),p = 
(pi, . . . , pk) be a 3-large tuple, and 4>k = 7^ ■ • ■ 7i 1 ■ Let W be the set of words in 
F(X U Cs) with the following properties: 

(1) If v E W then Sub 3 {v) C Sub^X^*), Sub 2 (v) C Sub 2 {X ±c t"<); 



(2) Every subword xf 2 of v E W is contained in a subword x~~; 

(3) Every subword cf Zl of v E W is contained in [c z x c z 2 ) ±z when to > 2 or 
in (c Zl x^ 1 )^ when m = 1; 

(4) Every subword c^f m (to > 3) is contained in (JIHi C D 1 ■ 
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(5) every subword c 2 22 of v € W is contained either in (cfc?, 2 )* 3 or as the cen- 
tral occurrence of cf Z2 in (c 2 Z2 c~ Zl ) 3 cf Z2 (cfcf 2 ) 3 or in (ciZic Z2 (c Zl c Z2 ) 3 ) ±1 . 

Definition 4.13. The following words are called elementary periods: 

Xi, c Zl c 2 2 (if m > 2), c^x^ 1 (if m = 1). 

We call the squares (cubes) of elementary periods or their inverses elementary 
squares (cubes). 

Notation 4.14. Denote by Y the following set of words 

1) if n 7^ then Y = {x{, yi,Cj 3 \ i = 1, ■ ■ ■ ,n, j = 1, . . . , m). 

2) if n = then F = {c zi , . . . , c^ 1 , d}. 

Notation 4.15. 1) Denote by Wr the set of all subwords of words in 

W. 

2) Denote by Wr the set of all words v £ Wr that are freely reduced forms 
of products of elements from Y^ 1 . In this case we say that these elements 
v are (group) words in the alphabet Y. 

Lemma 4.16. Let v S Wr- Then the following holds: 
(1) If v begins and ends with an elementary square but not an elementary 
cube, then v belongs to the following set: 



x 2 _ 2 y i ^ 2 x i } 1 x i x l ^ 1 y i } 2 x i 2 2 , x ' 2 yi x iy i \ x i \, m^2,n^Q 

2 -12 2 -1-1 -2 

x i~2Di-'Z x i-l x i i x i-2Vi-'i' X i-\ x iVi-\ X i-\i 

x\yiXic±? m CD, D 1 Cic z T ^x 1 c~ n z ™C 2 D 2 , 
D^ 1 C 1 c^x^ 1 x 2 x 1 c^ l Zm C 2 D 2 

D \ Xc \<?m x % xfy 1 x 2 1 x 1 c- z ™C 2 D2,x 2 - 2 x 1 Cn Z ™C 3 D 3 , 
D^CD 2 



(cfcffdc^ ■ ■ ■ (c 2 - Z2 cr Z1 ) 2 , z m c- z ~r . . . (c 2 Z2 c^f, m > 3,n = 
D^CD 2 

aU-icp^cp 1 ) 2 



±i 



xfyi(xic7 Zl ) 2 , (c z 1 1 x^ 1 ) 2 x 2 (x 1 c 1 Zl ) 2 , ro=l,n>2 
(x lC ^ Zl ) 2 x 2 , x 2 y 1 x 2 1 (x 1 c^ Zl ) 2 ,x 2 2 (x 1 c^ Z1 ) 2 , 

x 2 _ 2 y l ^2 x ~\ x i x i -iy~} 2 x ~^ 2 , x hi x iVi-i x 7-i, m = 0, n>\ 

2 —1 —1 —2 2 —1 2 —2 1 2 

x i—2Vi—'2. x i — \ x iVi—\ x i^\i x lVl x 2 X \i X l X 2 X \i 

xlyixi, x\y 2 x 2 

where Ck is an arbitrary product of the type Y[j <V 3 with ij+\ = ij ± 1, 
^ = (cf c?) ±2 . 

(2) J/ u does not contain two elementary squares and begins (ends) with an 
elementary square, or contains no elementary squares, then v is a subword 
of one of the words above. 

Proof. Straightforward verification using the description of the set Sub^X^*) 
from Lemma f4. 101 □ 
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Definition 4.17. Let Y be an alphabet and E a set of words of length at least 
2 in Y . We say that an occurrence of a word w G Y U E in a word v is maximal 
relative to E if it is not contained in any other (distinct from w) occurrence of 
a word from E in v. We say that a set of words W in the alphabet Y admits 
Unique Factorization Property (UF) with respect to E if every word w £ W can be 
uniquely presented as a product 



where Ui are maximal occurrences of words from Y U E. In this event the decom- 
position above is called irreducible. 

Lemma 4.18. Let Y be an alphabet and E a set of words of length at least 2 in 
Y . If a set of words W in the alphabet Y satisfies the following condition: 

• if W1W2W3 is a subword of a word from W and w\W2,W2W^ 6 E then 
W1W2W3 G E then W admits (UF) with respect to E. 

Definition 4.19. Let Y be an alphabet, E a set of words of length at least 2 in 
Y and W a set of words in Y which admits (UF) relative to E. An automorphism 
4> G AutF{Y) satisfies the Nielsen property with respect to W with exceptions E 
if for any word zeFUE there exists a decomposition 



for some words L z , M Z) R z G F(Y) such that for any u\, 112 G Y U E with U1U2 G 
Sub(W) \ E the words L Ul o M Ul and M U2 o R U2 occur as written in the reduced 
form of ufu^- 

Lemma 4.20. Let W be a set of words in the alphabet Y which admits (UF) 
with respect to a set of words E. If an automorphism <f> G AutF(Y) satisfies the 
Nielsen property with respect to W with exceptions E then for every w G W if 
w = u\ . . . Uk is the irreducible decomposition of w then the words M Ui occur as 
written (uncancelled) in the reduced form of . 

Proof, follows directly from definitions. 

It is easy to show that if an automorphism <f> satisfies the Nielsen property with 
respect to W and E as above, then for each word z G Y U E there exists a unique 
decomposition (JHJ) with maximal length of M z . In this event we call M z the middle 
of z^ (with respect to </)). 



W = U\ . . . Uk 



(8) 



z 



= L z o M z o R 



Set 



T(m,l) 




T(m,2) 



T(m, 1) 




if n ^ 3 then put 
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where 



Ti(m,ri) = {y n - 2 'x n \x n x n -iy n \, y r - 2 x r \x r 1 , y r -xx r 1 y r 
Vn-lXn X X n -iyn-2 ( n > r ^ 2 )} ±1 - 



Now, let E(m, n) = U i>2 Sub t (T(m, n)) n W r . 



Lemma 4.21. Lei m ^ 0, n 7^ 0, K = K(m,n),p = (pi , . • • , pjr) &e a 3-large 
tuple. Then the following holds: 



(1) Let id G E(m, n), v — v(w) be the leading variable of w, and j = j(v) (see 
notations at the beginning of Section^. Then the period A^ J 1 occurs in 
w^ K and each occurrence of Aj in is contained in some occurrence of 
A^ 1 . Moreover, no square A\ occurs in w for k > j . 

(2) The automorphism <j>K satisfies the Nielsen property with respect to Wr 
with exceptions E(m,n). Moreover, the following conditions hold: 

(a) M Xj = A^-T +1 Xr-i, for j + n. 

(b) M Xn = xH oy n o A%~l n _ 2 o A^? An _ A o x n 



(c) 


M yj 


= Vj, for j < n. 




(d) 




= fa#!/n 


432-1 


A -1<> 

■^m+An—A 










-1 -1 



(e) M w = w^ K for any w G E(m, n) except for the following words: 



• toi = y r -2x r _ 
n — 1, 



, 3 < r < n — 1, W2 



y r _ix r 1 y r x ,2 < r < 



y n -ix n _ x x n , w 4 



Vn-2X ri 
-1 



,x„a;„_i, w 7 



Vn-2X r , 



n » 



yn~lX n 7 



• 

»'(> 

(f) XTie onfo/ letter that may occur in a word from Wr to t/ie left of a 
subword w G {w\, . . . , w^} ending with j/j (2 = r — 1, r — 2, n — 1, n — 
2, i > 1 j is Xi the maximal number j such that L w contains A p ? 



1 



IS J 



4i — 2, and R Wl = R v 



1. 



Proof. We first exhibit the formulas for u^ K , where u G Ui>2 Subi(Ti(m, n)). 
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(l.a) Let i < n. Then 



4-94+1 


y i 




-9l 










Vi- 
















O 


-1 

i 




Ala 




4-92 + 1 


2 








Xi-lVi-2 Vi-lXi 






-1 
-i x « 








/I90 


+4i-4 














Xi- 


13/.-2 


-1 
Vi-lXi 
















A m+4i-4 x 


i j/i-i x i 1 




490-1 


4-94 + 1 




Xi+l J/j 




-9l 




-lVi-2 


Vi-ix 




Vi- 


-1 

















-1 

i 




490 

^■m+4i-4 




4-92+I 
J ^m+4i- 


2 


-1 - 






Xi-lVi-2 Vi-lXi 1 




y« 







93-1 



93-1 



490-1 



z«-lJ/»_2 Vi-lXi 



(l.b) Let i = n. Then 



492 


^ra+ta- 4 







Here j/ n _f is completely cancelled. 
(2. a) Let i < n - 1. Then 

(Si+ixii/r^)^ = (ar i+ia ; i yr_ 1 1 )^+«+^ 

= Kn+tl+A ° X i+2 ° Vl+l ° 

° (V+i ° ^ +4i ° ^%+ +2 ° 2/r+i^i 5 ) 97 " 1 ^ 

O^j 1 ^ ° ° ^m+4i-4- 

Here (a;iy~_ 1 1 ) < ^ m+4i+4 was completely cancelled. 

(2.b) Similarly, (a; i y^l 1 1 )'* m + 4s + 3 is completely cancelled in {x l+1 x l yl} 1 )' t ' m + 4i + 3 

and 

\X l+ \X l y i _ 1 ) — J^ m+4i+2 ° sl m +4i ° x «+l A m+4i-4 n -m+4i-2 ° A m+4i-4- 



-9o 
L m+4i—4 



(2.c) 



(x„ 1 X n _i?/ n l 2 )^ m+4 " 1 — ^m+4n-4 ° ^i' ^m+4n-4 ° ^m+4n-2 ° 2/n 1 ° X n 9 " 

°^m+4n-8 ° 4-1 ° ° ^m+4n-6 ° ^m+4n- 

and (a; n _ij/ r ^l 2 )^ m + 4 "" 1 is completely cancelled. 
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(3.a) 

{yiXiyrA)^ = A-^Xl o Xl+1 o A m %_ 4 o x ? o Vl o ° A-Ui-v 

and (a:iy~ 1 1 ) ( ^ m+4i is completely cancelled. 

(3.b) {y n x n y-l x )+* = yt ° (^y"^)^. 

(3.c) 

°An+4n-8 ° ^n-l ° ° ^m+4n-6 ° An+4n-8' 

and and (x n -iy~* 2 )^ K are completely cancelled. 
(4.a) Let n > 2. 

(sic^~)*™+« = (WO** 



A-q 4 + l 
/i m+4 
~~ 



^Ifl c m x l 



— 1 — 01 

«2 o y x 



,93-1 



= ^m+4 °^2°yi 

Let n = 1. 

(si*-*-)*- = A^cr^^cr 1 ^™ 1 , 

(4.b) (xic~ z "*)* if is completely cancelled in x\ K and for n > 2: 

(X 2 X 1C -^)^ 



^m+g" 1 o x 3 o y 2 1 o x 3 



9.-. 



° (^3 1 ° 



97-1 



i m+4 OA m+6 % '« ^3 J 
oA-00 oxfoyioA ^-l oA ^ 

and for n = 2: 

(X2X 1C -^)1>" = A^ +6 o A~? 4 o Xl o o xf o y x o ^ o A m \ 

(4.c) The cancellation between (x 2 xic~ Zm )^ if and c"^ -1 is the same as the 
cancellation between A^ 1 and c m J7i _1 , namely, 



K 
t-1 

m u m— 1 



C, 



[f^m-l ° C rn ° OC m-l ° ^m-4 ° C m ° ^ro-l J 



Z m-1 



and c TO J^ is completely cancelled. 
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(4.d) The cancellations between [x2X\c^ m Y K (or between (yix\c~ 

1 -z* K _i 1 

rii=m-i c i 1 are the same as the cancellations between A~ and f\ i 

,<t>K 



i=m—l °i 



and 



namely, the product J] 



i=m — 1 L i 



is completely cancelled and 



n c .' K=i iii 



Similarly one can write expressions for u^ K for all u G E(m,n). The first 
statement of the lemma now follows from these formulas. 

Let us verify the second statement. Suppose w 6 E(m, n) is a maximal subword 
from E{m, n) of a word u from Wr- If w is a subword of a word in T(m, n), then 
cither u begins with w or w is the leftmost subword of a word in T(m,n). All the 
words in Ti(m,n) begin with some yj, therefore the only possible letters in u in 
front of w are x?. 

o w <t>K if w is a twodetter word, and 



x] ox] 



x] K x] K w^ K 



Xj o x v - K w'*' K if w is more than a twodetter word. In this last 



case there are some cancellations between x^ K and w^ K , and the middle of Xj is 
the non-cancelled part of Xj because letter not belonging to E(m, n) appears 

only in x™. 

We still have to consider all letters that can appear to the right of w, if w is 



the end of some word in Ti(m, n) or w 
the following possibilities: 



Vn—\X n X n —\, 



Vn-\X n 



There are 



(i) w is an end of y n -ix n x _ ^x n x n -^y n ^_ 



2- 



(ii) w is an end of y r -2X r _ 1 x r ,r < i; 

(iii) w is an end of y n -2Xn-iVn-i- 

Situation (i) is equivalent to the situation when w^ 1 is the beginning of the word 
yn-2X^ l i L 1 x n x n ^iy^ 2 ^ we have considered this case already. In the situation (ii) 
the only possible word to the right of w will be left end of x r ^iy~} 2 x~^ 2 an d 



w'" 



: r 4>K - 



4>K , 



-24> K _ 



= W 



4>K 



-<t>K 



O X 



— 2(j>K 



l K , and w^xf^ 



O X 



4>K 



-l- 



In the situation (iii) the first two letters to the right of w are x n -\x n -\, and 

There is no cancellation in the words (c/ ) <t ' K o(cf^{ +1 )'t' K , (c z ™Y K oxf 4 " 1 , xf K o 
xf K . For all the other occurrences of xi in the words from Wr, namely for occur- 
rences in xf, xfyi, we have (xfyi)^ K = xf K o xf K o yf k for i < n. 

In the case n = i, the bold subword of the word 

X n K = An+4n-4 ° ("""n 1 ° Yn ° A^ +4n _ 2 O A m q J° 4n _ 4 O X n ^ O A® +4n _ 4 

is M Xn for (pK, arid the bold subword in the word 



is M v 



A] 



-go 



x n y„ 
for < 



-4 




-^■111+411-2 


- fi m+4n-4 


X n J 


X^Yn, 


-1 

-2X n _ 1 




x n y„_ 1 x„y„ 


-1 -1 
x n y n _ 1 yn-2X n _ 1 







□ 



Corollary 4.22. Let m ^ 0, n ^ 0, X = K(m,n),p = (pi, . . . ,px) &e a 3- 
/arge tepZe, L = Kl. Then for any u e X U E(m,n) the element M u with respect 
to <pL contains A q - for some j > L — K and q > pj — 3. 
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PROOF. This follows from the formulas for M u with respect to 4>k in the lemma 
above. □ 

Notation 4.23. 1) Denote by W r ,L the least set of words in the alphabet Y 
that contains VVr, is closed under taking subwords, and is 0^-invariant. 

2) Let VVr,L be union of Wt,l and the set of all initial subwords of zf Kj which 
are of the form c\ o Zi o w, where w G Wt,l- 

Remark 4.24. The set VV r ,L is (^-invariant. 

_ 3 

PROOF. Indeed, if d L ZiW G Wr,i, then c ^ ZtW = w" 1 o cf o w G Wr.L and 
c ( f 3 ^ w) * K = w -4>k o c *i K o w 4>k e Wr Lj therefore cj +1 zf K o w^ K G VVt.l- 

□ 

Notation 4.25. Denote by Exc the following set of words in the alphabet Y. 

Lemma 4.26. The following holds: 

(1) Sub 3X (Wrx) = Sub 3X (X ±c t> K )UExc. 

(2) Let v G Wr\L be a word that begins and ends with an elementary square 
and does not contain any elementary cubes. Then either v G VVr or 
v = v\v 2 where vi,v 2 G >Vr and these words are exhibited below: 

(a) for to > 2, n > 2, 

m 1 1 

v\ G {vn = (cf^c^f^cTx^Xi Y[ c~ z \ v 12 = x\yixi c~ z *}, 

i— 3 i—m i—ra 

U2,j = x^\x)_ x Y 

(b) for to = 2, n > 2, 

l l 

Vi G {un = (c Zl C2 2 ) 2 xi.x 2 .xi ]^[ c,p% wi2 = xfyixi c 8 ~ Zi }, 



«2 G {«2a = xt(c 2 Z1 c 1 Z1 ) 2 , u 2 ,j = XjVj^x'j^}; 

(c) /or to > 2, n = 1, Ui = x 2 yiXi Y[\ =m c~ z \ 

v 2 G {« 2l = cp . . ^(epep 1 ) 2 , ua.1 = x lCm z ™ . . ^(epep 1 ) 2 }; 

(d) /or to = 2, n = l, ui = a^i^i Ill =m c~ z % v 2 = Xi{c 2 Zl c^ Zl ) 2 ; 
(c) for to = 1, n > 2, 

"1 G {«n = (c Zl x7 1 ) 2 a; 2 x 1 c~ Zl , v 12 = xjy^c^ 21 }, v 2 = x 1 yj\x 2 _ 1 . 

Proof. Let T = Kl. We will consider only the case m > 2, n > 2. We will 
prove the statement of the lemma by induction on i. If I = 1, then T = K and the 
statement is true. Suppose now that 



Su6 3 ,y(Wf T - Jf ) = Sub 3 . Y (Wr) U £ic. 
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Formulas in the beginning of the proof of Lemma f4 . 2 II show that 

Su6 3 ,y(J5(m,n) ± **) C Sub 3>Y (W r ). 

By the second statement the automorphism 4>k satisfies the Nielsen property with 
exceptions E(m,n). Let us verify that new 3-letter subwords do not occur "be- 
tween" vr K for u G Ti(m,n) and the power of the corresponding Xi to the left and 
right of it. All the cases are similar to the following: 



(x n x n —iy n _2 


\<Pk . rr<t>K 


A-q+i 

^ 1 m+4n-10 


■ T' 1 


490-1 










Xn-2 * 



Words 

produce the subwords from Exc. Indeed, [(2:2X1 ]^[ . m c~ Zi )]^ Ki ends with v\2 and 
vf£ ends with v±2- Similarly, vfj begins with v 2 ,j+i for j < m and with u 2 .i for 

j = m. And u^j begins with U2,j+i for j < n and with v,2,j for j = n. 

This and the second part of Lemma f4 . 1 Ul finish the proof. □ 

Let W G G[X\. We say that a word U G G[X] occurs in W if W = W\ oU oW 2 
for some Wt, W2 G G[A]. An occurrence of t/ 9 in W is called maximal with respect 
to a property P of words if U q is not a part of any occurrence of U r with q < r 
and which satisfies P. We say that an occurrence of U q in W is stable if g 1 and 

= Wi o UU q U o W2 (it follows that £7 is cyclically reduced). Maximal stable 
occurrences U q will play an important part in what follows. If (C/ -1 ) 9 is a stable 
occurrence of U^ 1 in W then, sometimes, we say that U~ q is a stable occurrence 
of U in VF. Two given occurrences U q and J7 P in a word VF are disjoint if they do 
not have a common letter as subwords of W. Observe that if integers p and q have 
different signs then any two occurrences of A q and A p are disjoint. Also, any two 
different maximal stable occurrences of powers of U are disjoint. To explain the 
main property of stable occurrences of powers of U, we need the following definition. 
We say that a given occurrence of U q occurs correctly in a given occurrence of U p 
if \q\ ^ Ifl an d for these occurrences U q and U p one has U p = U Pl o U q o U Pl . 
We say, that two given non-disjoint occurrences of U q , U p overlap correctly in W if 
their common subword occurs correctly in each of them. 

A cyclically reduced word A from G[X] which is not a proper power and does 
not belong to G is called a period. 

Lemma 4.27. Let A be a period in G[X] and W G Then any two stable 

occurrences of powers of A in W are either disjoint or they overlap correctly. 

Proof. Let A q , A p (q ^ p) be two non-disjoint stable occurrences of powers 
of A in W . If they overlap incorrectly then A 2 = u o A o v for some elements 
u, v G G[X]. This implies that A = uov = vou and hence u and v are (non-trivial) 
powers of some element in G[JT]. Since A is not a proper power it follows that 
u = 1 or v = 1 - contradiction. This shows that A q and A p overlap correctly. □ 

Let W e G[X] and O = 0(W,A) = {A qi , . . . ,A qk } be a set of pair-wise 
disjoint stable occurrences of powers of a period A in W (listed according to their 
appearance in W from the left to the right). Then O induces an O-decomposition 
of W of the following form: 

(9) W = B 1 o A qi o ■ ■ ■ o B k o A qk o B k+1 
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For example, let P be a property of words (or just a property of occurrences 
in W) such that if two powers of A (two occurrences of powers of A in W) satisfy 
P and overlap correctly then their union also satisfies P. We refer to such P as 
preserving correct overlappings. In this event, by Op = Op(W, A) we denote the 
uniquely defined set of all maximal stable occurrences of powers of A in W which 
satisfy the property P. Notice, that occurrences in Op are pair- wise disjoint by 
Lemma E23 Thus, if P holds on every power of A then O p (W, A) = 0(W,A) 
contains all maximal stable occurrences of powers of A in W. In this case, the 
decomposition Q is unique and it is called the canonical (stable) ^-decomposition 
ofW. 

The following example provides another property P that will be in use later. Let 
N be a positive integer and let P/v be the property of A q that \q\ ^ N. Obviously, 
Pjv preserves correct overlappings. In this case the set Op N provides the so-called 
canonical N -large A-decompositions of W which are also uniquely defined. 

Definition 4.28. Let 

W = Bx o A qi o • • • o B k o A qk o B k+1 

be the decomposition @ of W above. Then the numbers 

niax(VF) = max{qi | i — 1, . . . , fc}, mjn(VF) = min{qi | i = 1, . . . , fc} 

are called, correspondingly, the upper and the lower A-bounds of W. 

Definition 4.29. Let A be a period in G[X] and W e G[X}. For a positive 
integer N we say that the iV-large ^-decomposition of W 

W = Bx o A qi o ■ ■ ■ o B k o A qk o B k+1 

has A-size (I, r) if min^VK) ^ I and max^i^) ^ r for every i = 1, . . . , fc. 

Let A — {Ai, A2, ■ ■ ■ ,} be a sequence of periods from G[X}. We say that a 
word W G G[X] has „4-rank j (rank^II^) = j) if W has a stable occurrence of 
(A^ 1 ) 9 (q 1) and j is maximal with this property. In this event, Aj is called 
the A-leading term (or just the leading term) of W (notation LT^(W) = Aj or 
LT(W) = A j ). 

We now fix an arbitrary sequence A of periods in the group GLY]. For a period 
A = Aj one can consider canonical -decompositions of a word W and define the 
corresponding A,-bounds and A,-size. In this case we, sometimes, omit A in the 
writings and simply write maxj(W) or minj(W) instead of maxAj (W), minAj (W). 

In the case when rank^W^) = j the canonical -decomposition of W is called 
the canonical ^-decomposition of W. 

Now we turn to an analog of O-decompositions of W with respect to "periods" 
which are not necessarily cyclically reduced words. Let U = D^ 1 o A o D, where 
A is a period. For a set O — 0(W,A) = { A qi , . . . , A qk } as above consider the 
O-decomposition of a word W 

(10) W = Bx o A qi o ■ ■ ■ o B k o A qk o B k+1 

Now it can be rewritten in the form: 



W = (B 1 D)(D^ 1 oA qi oD)--- (D^ 1 B k D)(D^ 1 o A qk o D)(D~ 1 B k+1 ). 
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Let Si, Si = sgn(gi). Since every occurrence of A qi above is stable, B\ = B± o A £l , 
B l = (A 5 *- 1 o Bi o A E '), B k +i = A Sk o B k +i for suitable words Bi. This shows that 
the decomposition above can be written as 

W = (B 1 A ei D)(D- 1 A qi D) ■ ■ ■ (D^ 1 A 6 *- 1 BiA £i D) ■ ■ ■ (D~ 1 A qk D)(D~ 1 A 5k B k+1 ) = 
(B 1 D)(D- 1 A ei D)(D- 1 A qi D) ■ ■ ■ {D- 1 A 5 ^ 1 D)(D- 1 B l D)(D- 1 A E 'D) ■ ■ ■ 

(D- 1 A qk D){D~ 1 A Sk D)(D- 1 B k+1 ) 
= [B X D){U^){U^) ■ ■ ■ (U 5k - 1 )(D~ 1 B k D)(U £k )(U qk )(U Sk )(D- 1 B k+1 ). 

Observe, that the cancellation between parentheses in the decomposition above 
does not exceed the length d = \D\ of D. Using notation w — uo d v to indicate that 
the cancellation between u and v does not exceed the number d, we can rewrite the 
decomposition above in the following form: 

W = (BiD) o d U £l o d U qi o d U Sl o d ...o d U £k o d U qk o d U 5k o d {D^Bu+x), 

hence 

(11) W — Di o d U qi o d ---o d D k o d U qk o d D k+1 , 

where D 1 = BiD, D k+1 = D l = D^B.D (2 ^ i ^ k), and the 

occurrences U qi are stable (with respect to o d ). We will refer to this decomposition 
of W as [/-decomposition with respect to O (to get a rigorous definition of U- 
decompositions one has to replace in the definition of the O-decomposition of W 
the period A by U and o by omi). In the case when an ^-decomposition of W 
(with respect to O) is unique then the corresponding [/-decomposition of W is 
also unique, and in this event one can easily rewrite ^-decompositions of W into 
[/-decomposition and vice versa. 

We summarize the discussion above in the following lemma. 

Lemma 4.30. Let A e G[X] be a period and U = D^ 1 oAoDe G[X]. Then 
for a word W G G[X] if 

W = B x o A qi o • ■ • o B k o A qk o B k+1 
is a stable A- decomposition of W then 

W = D x o d U qi o d -.-o d D k o d U qk o d D k+1 
is a stable U -decomposition ofW, where Di are defined as in fiJj). And vice versa. 
From now on we fix the following set of leading terms 
Al, p = {Aj \j^L,4> = <Pl, p } 
for a given multiple L of K — K(m, n) and a given tuple p. 

Definition 4.31. Let W S G[X] and N be a positive integer. A word of the 
type A s is termed the iV-large leading term LTn(W) of the word W if A q has a 
stable occurrence in W for some q > N, and s is maximal with this property. The 
number s is called the iV-rank of W (s — rankjv(14 7 ), s > 1). 

LEMMA 4.32. Let W £ G[X], N > 2, and let A = LT N (W). Then W can be 
presented in the form 

(12) W = Bi o A qi o . . . B k o A qk o B k+1 

where A qi are maximal stable occurrences, qi > N , and rankjv(Bj) < rankjv(VT). 
This presentation is unique and it is called the N -large A-presentation of W. 
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PROOF. Existence follows from the definition of the leading term LTn(W). To 
prove uniqueness it is suffice to notice that two stable occurrences A q and A r do 
not intersect. Since A = LT^(W) is cyclically reduced and it is not a proper power 
it follows that an equality A 2 = u o A o v holds in F(X U Cs) if and only if u = 1 
or v = 1. So, stable occurrences of A q and A r are protected from overlapping by 
the neighbors of A on each side of them. □ 

In Lemmas l4 . 61 14 . 71 14 . 81 and !4.9l we described precisely the leading terms Aj , j = 
1, . . . , K as the cyclically reduced forms of some words Aj. It is not easy to describe 
Aj for an arbitrary j > K. So we are not going to do it here, instead, we chose a 
compromise by introducing a modified version of Aj which is not cyclically reduced, 
in general, but which is "more cyclically reduced" then the initial word Aj. 

Let I be a multiple of K and 1 < j < K. Define 

Al +j =A*{4> L+j ) = Ap. 

Lemma 4.33. Let L be a multiple of K and 1 < j < K. Let p = (pi, . . . ,p n ) be 
N + 3-large tuple. Then A^ + j — cycred(A*(<f>L+j)). Moreover, if 

A*{<j) L+ j)=R- l oA L+ joR 

then ranltN{R) < L — K + j + 2 and \R\ < \Ai, + j\. 

PROOF. First, let L = K. Consider elementary periods Xi = A m+ 4i_3 and 
At = cf . For i ^ n, xf K = xf k o xf K . For i = n, 

A* {<f)K+m+An-z) = R 1 ° -A.K+m+in-3 ° R, 

where R — A^_^l"~l , therefore ranker (i?) = m + 4n — 4. For the other elementary 
period, (cfcf ) 2 ^ K = (cf c z 2 2 )' t > K o (cf c| 2 )^. 

Any other can be written in the form Aj — u\ o o it 2 o w 2 ° W3, where i>i, «2 
are the first and the last elementary squares in Aj , which are parts of big powers 
of elementary periods. The Nielsen property of <pK implies that the word R for 
A*(<pK+j) is the word that cancels between {v2U^)^ K and (uiVi)^ K . It definitely 
has iV-large rank < K, because the element (i>2it3itii>i)^* : has TV-large rank < K . 
To give an exact bound for the rank of R we consider all possibilities for Aj-. 

(1) Ai begins with z~ x and ends with Zj+i, i = 1, . . . , m — 1, 

(2) A m begins with z^ 1 and ends with x^ 1 , 

(3) A m+ 4i_4 begins with Xi-iy~} 2 x~ 2 2 , if z = 3, . . . n, and ends with x^^i-ix^ 
if i = 2, . . . , n, If i = 2 it begins with xiIL) =m c~ Zj {c 2 Z2 c~ Zl ) 2 . 

(4) A TO +4i_2 and A TO +4i_i begins with Xiy~} 1 x~_ 1 and ends with a:fj/j if i = 
1, . . . ,n. 

Therefore, Af K begins with z^ and ends with Zi + 2, i = l,...,m — 2, and is 
cyclically reduced. 

A^_ x begins with z^ 1 and ends with xt, and is cyclically reduced, A$* begins 
with z" 1 and ends with x^[ l and is cyclically reduced. 
We have already considered Af^ +4i _ 3 . 

Elements Af^ +4i _ 4 , Af^ +4i _ 2 , Af l * +4i _ 1 are not cyclically reduced. By Lemma 
IOT1 for A*(<j) K +m+4i-4), one has R = (xi-iy^)** (rank N (R) = m+4i-4); for 
A*(<j) K +m+4i-2), and A*(<f> K +m+M-2), R = \x i yl\)' t,K {rank N {R) = m+te). 

This proves the statement of the Lemma for L = K. 
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We can suppose by induction that A*(ipL-K+j) = R 1 ° Al-k+j ° R, and 
ranfcjv(-R) < L — 2K + j + 2. The cancellations between Af j K _ K+ - and R^ K and 

between Aj^_ K+ - and A^ j K _ K+ - correspond to cancellations in words u^ K , where u 
is a word in Wr between two elementary squares. These cancellations are in rank 
< K, and the statement of the lemma follows. □ 

Lemma 4.34. Let W e F(X U C s ) and A = A, = LT N {W), and A* = R- 1 o 
Ao R. Then W can be presented in the form 

(13) W = B 1 o d A* qi o d B 2 o d --- o d B k o d A* qk o d B k+1 

where A* qi are maximal stable N -large occurrences of A* in W and d < \R\. This 
presentation is unique and it is called the canonical N -large A* -decomposition of 
W. 

Proof. The result follows from existence and uniqueness of the canonical A- 
decompositions. Indeed, if 

W = B 1 o A qi o B 2 o • • • o B k o A qk o B k+1 

is the canonical ^-decomposition of W, then 

(B 1 R)(R- 1 AR) qi (R- 1 B 2 R) ■ ■ ■ (R^ 1 B k R)(R^ 1 AR) qk (R~ 1 B k+1 ) 

is the canonical ^-decomposition of W. Indeed, since every A qi is a stable occur- 
rence, then every starts with A (if i ^ 1) and ends with A (if i = k + 1). Hence 
R- 1 B i R = R- 1 oB.oR. 
Conversely if 

W = B 1 A* q 'B 2 ---B k A* qk B k+1 
is an A* -representation of W then 

W = (SiiT 1 ) o A qi o (RB 2 R~ 1 ) o • • • o (RB k R- r ) o A qk o (RB k+1 ) 
is the canonical A-decomposition for W. □ 

In the following lemma we collect various properties of words xf L , yf L , zj L 
where L — Kl is a multiple of K. 

Lemma 4.35. Let X = {x l ,y l ,z ] \ i = l,...,n,j = 1, ...,m}, let K = 
K(m,n), and L = Kl be a multiple of K. Then for any number N > 5 and 
for any N -large tuple p € N L the following holds (below (j) — (f>L, P , Aj — Aj): 

(1) If i < j < L then Aj does not occur in A; t ; 

(2) Let i < K, j = i + L. There are positive integers s, 1 < ji, ■ ■ ■ , j s < j, 
integers e\,...,e„ with \e t \ < 3 ; and words W\, . . . , w s+ i G F(X U Cs) 
( which do not depend on the tuple p and do not contain any square of 
leading terms) such that the leading term Aj (A*) of <j)j has the following 
form: 

(14) wi o A 13 ^ 1 +£l o w 2 o • • • o w s o A p ^ 3 +£s o w s+ i , 

i.e., the "periodic structure" of Aj (A*) does not depend on the tuple p. 

(3) Let i < K, u £ Wt,l such that 

u = Vi o A P - 31+ei o v 2 o • • • o v r o A p ; Jr+£r o v r +i, 
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where ji,---,jr < h and at least one of jt is equal to i, \et\ < 1, and 
words Vi, . . . , £ F(X U Cs) do not depend on p. Then 

where Aj t L = W^ 1 o Aj t+ L oWt; a t — 1 ifpt is positive and at — — 1 if pt 
is negative. In addition, for each t — 1, . . . , r £/ie product 

W t A^ L vl^A° t+ ^ L Wr + \ 

has form 1)14(1 wii/i j%, . . . ,j s < i + L. 

(4) For any i < K and any x £ X^ 1 there is a positive integer s and there 
are indices 1 < j\, . . . , j s < i, integers s\, . . . ,e s with |e t | < 1, and words 
Wi, . . . , u> s +i € U C5) which do not depend on the tuple p such that 
the element x^ >i can be presented in the following form: 

x v — W\ o A/ 1 o VO2 ° ■ ■ ■ ° w s o Aj s o w s +i- 

PROOF. Statement (1) follows from Lemmas I4.6H4. 81 

Statements (2) and (3) will be proved by simultaneous induction on j = i + L. 
Case I = corresponds to i < K . In this case statement (2) follows from Lemmas 
14.61 - 14.81 and statement (3) is simply the assumption of the lemma. A4 has form 
JT2JI with ji, ...,j s <i and \si\, \e s \ < 1. 

We know that Aj t contains an elementary square (actually, big power) for any 
t = 1, . . . s, Aj t K — RJ t x o Aj t+ K ° Rj t , where Rj t does not contain big powers of Au 
for k > jt + 2. Then it follows from the second statement of Lemma f4. 211 that 

A i ~ w l K j t A n+K o A ]i+K 0A h+K K ji W 2 ... W s K jg A ]s+K 

APis+z*- 2 "' A<?s no, d> K 
° A j s +K ° A j s +K U j. W s+H 

where at = 1 if pj t is positive and at = — 1 if Pj t is negative. 

When we apply (f>K, the images of elementary big powers in Aj t by Lemma 
14.211 are not touched by cancellations between wf^ and A^ , and between Aj t K 
and wf+i> therefore Af L — 

w i R n A h+K w i oA ji+L °W\Aj lJrK Rj 1 w 2 ■■■ 



PL-K , 



where -<4-^+# = W^ 1 o ^4j t +L Wt, cr t = 1 if pj t is positive and a t — —1 if pj t 
is negative ( t = 1, . . . , s,). We can now apply statement 3) for ij + Kl, i\ < i to 
elements 



Js W S+1- 



To prove statement (3) for i + Kl, we use it for i\ + Kl and statement (2) for 
i + Kl. 

(4) Existence of such a decomposition follows from Lemmas I4.6H4.8I □ 

Corollary 4.36. If L is a multiple of K, then the automorphism (f>i, satisfies 
the Nielsen property with respect to VVr with exceptions E(n,m). 
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Proof. The middles M x of elements from X and from E(m, n) with respect 
to <f>K contain big powers of some Aj , where j — 1, . . . , K. By LemmaEIHlthese big 
powers cannot disappear after application of 4>l-k- Therefore, Mx~ K contains 
the middle of x with respect to 4>l- D 

Corollary 4.37. Let u,v € Wr- // the canceled subword in the product 
u^ K v^ K does not contain A 1 ^ for some j < K and I G Z then the canceled sub- 
word in the product u^ K+L v^ K+L does not contain the subword A l L+ j. 

Lemma 4.38. Let W € VVr.i. Suppose that 1 < r < K , L\ is a multiple of K, 
and j = r + L\. Then the following conditions are equivalent: 

1) rankff{W) = r and 

W = D 1 o Af o D 2 . . . D k o Af o D k+1 

is a stable b-large A r - decomposition ofW; 

2) ronfcjvtW^i) = j and 

W+ L * = (DtAff^ o d A*^- ei - Sl o d (A s /D 2 Af)^i . . . 

{Af-'DkAff^ o d A* qk - ek - Sk o {AfD k+1 f^ 

is a stable A* -decomposition of W^ L ^ , where S s ,e s € {0,±1} depending 
on the sign of q s and (3. 

PROOF. It follows from Lemmas 14.341 and 14351 Indeed, let W E Wr.L and 
W = D 1 o Af o D 2 . . . D k o Af o D k+1 
the canonical iVdarge ^-decomposition of W. Then by Lemma [4.351 (3) 
W*^ = (D 1 Af ) ct '^w- 1 oA q J 1 - 2ai o Wr {AfD 2 Aff^ ... 
{A^DkA^f^w- 1 o Af - 2ak o w r {A° k D k+1 f^ 

where A^ Ll = w^ 1 o Aj o w r , a t £ {1,-1}. This implies that the canonical A*- 
decomposition of W^ L ^ takes the form described in 2). 

Conversely, suppose 2) is the canonical ^-decomposition of W^ Ll , but 1) is not 
the canonical ^-decomposition of W. Then taking the canonical ^-decomposition 
of W and applying (f>L 1 by 1) we get another canonical decomposition of W^ L ^ - 
contradiction with uniqueness of A*-decompositions. □ 

Lemma 4.39. Suppose p is an (N + 3)-large tuple, 4>j = <^jy Let L be a multiple 
of K . Then: 

(1) (a) xf 3 has a canonical N -large A* -decomposition of size (N, 2) if either 
j = m + A{i — l){mod K), or j = m + 4A — 2 (mod K), or j 
in + Ai(mod K). In all other cases rank(xf J ) < j. 

(b) yf J has a canonical N- large A* -decomposition of size (N,2) if either 
j = m + 4(i — \){mod K), or j = m + Ai — 3(mod K), or j = 
m + Ai — l(mod K), or j = m + 4i (mod K). In all other cases 
rank(yf 3 ) < j. 

(c) zf 3 has a canonical N -large A* -decomposition of size (N,2) if j 

i (mod K) and either 1 < i < m — 1 or i = m and n 0. In all 
other cases rank(zf 3 ) < j. 
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(d) if n = then z m J has a canonical N -large A* -decomposition of size 

(N, 2) if j = m— 1 (mod K). In all other cases rank(zm ) < j. 
(2) If j = r + L, < r < K, (w x ...w k ) £ Sw& fc (X ± '>' K --^''+ 1 ) tfiera eif/W 
(u>i . . . Wk)^ j — (wi . . . Wk)^^ 1 , or (wi . . . Wk)^ 3 has a canonical N -large 
A* -decomposition. In any case, (w\ . . . Wk)^ 3 has a canonical N -large A*- 
decomposition in some rank s, j — K + 1 < s < j. 

PROOF. (1) Consider y f L + m+i * ■ 

<t>L+m+4i _ I <t>L -<t>L + m + 4i-l\ qi -l 4>L / <j>l+ m +Ai-l -<t>L\qt 

In this case A*(0 L+m+4j ) = x f^+^ y -^+^-\ 

To write a formula for x f L+m+u ; denote yi-i = yf^i m+4 '~ 5 , Xi = xf L , yi = yf L . 
Then 



(((^^) 9 ^ry0 92 " 1 (^^) 9o sf +1 ^)~ 93+1 yr 1 *r i (y,-isr 1 ) 90 - 

Similarly we consider zf L+t . 

(2) If in a word (w\ • • ■ Wk)^ 3 all the powers of Aj are cancelled (by Lemm.a l4.35l 
they can only cancel completely and the process of cancellations does not depend 
on p) then if we consider an A*-decomposition of (wi ■ ■ -Wk)^ 3 , all the powers of 
A* are also completely cancelled. By construction of the automorphisms jj, this 
implies that (w\ ■ ■ ■ Wk)' 13 ^ 3 ^ 1 = (wi ■ ■ ■ WkY 3 ^ 1 ■ □ 

5. Generic solutions of orientable quadratic equations 

Let G be a finitely generated fully residually free group and S = 1 a standard 
quadratic orientable equation over G which has a solution in G. In this section we 
effectively construct discriminating sets of solutions of S — 1 in G. The main tool 
in this construction is an embedding 

X:G R{S )^G(U,T) 

of the coordinate group G^s) into a group G(U,T) which is obtained from G by 
finitely many extensions of centralizers. There is a nice set Sp (see Section 1.4 in 
16 ) of discriminating G-homomorphisms from G(U, T) onto G. The restrictions 
of homomorphisms from Ep onto the image G^,™ of Gr(s) m G(U,T) give a 
discriminating set of G-homomorphisms from G^^ into G, i.e., solutions of S = 
1 in G. This idea was introduced in |12| to describe the radicals of quadratic 
equations. 

It has been shown in |12| that the coordinate groups of non-regular standard 
quadratic equations S — 1 over G are already extensions of centralizers of G, so in 
this case we can immediately put G(U,T) = Gms) an d the result follows. Hence 
we can assume from the beginning that S = 1 is regular. 

Notice, that all regular quadratic equations have solutions in general position, 
except for the equation [x\, yx]\x2, 2/2] = 1 (see |13| . Section 2). 

For the equation [x\, yi][x2, V2] = 1 we do the following trick. In this case we 
view the coordinate group G^s) as the coordinate group of the equation [x\, y{\ — 
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[2/2*2:2] over the group of constants G * F(x2,U2)- So the commutator [1/2,2:2] = d 
is a non-trivial constant and the new equation is of the form [x,y] = d, where all 
solutions are in general position. Therefore, we can assume that S = 1 is one of 
the following types (below d, Ci are nontrivial elements from G) : 

n 

(15) H[x i)yi } = l, n>3; 

i=i 

n rn 

(16) J^[x i ,?/i]]^[z^ 1 c i Zid= 1, n>l,m^0; 

ra 

(17) Y[z~ 1 c l z l d=l, m^2, 

i=l 

and it has a solution in G in general position. 

Observe, that since S = 1 is regular then Nullstellenzats holds for S — 1, so 
R(S) = ncl{S) and G R{S) = G[X]/ncl(S) = G s . 

For a group _ff and an element u G i? by H(u,t) we denote the extension of 
the centralizer Ch(u) of u: 

#(u,t) = I t~ x xt = x (x 6 C H {u))). 

If 

G = Gi sc Gi(ui,ti) = G 2 s$ . . . < G n (u n ,t n ) = G„+i 

is a chain of extensions of centralizers of elements Ui £ Gi, then we denote the 
resulting group G„+i by G{U, T), where U = {tti, . . . , u„} and T = {fi, . . . , t n }. 
Let [3 : Gfl(5) — > G be a solution of the equation S(X) — 1 in the group G such 

that 

x i = a nVi = °ii z i = e i- 

Then 

m n 

d = JJe l " 1 c i e l ]^[[a l ,6 l ]. 

i=l i=l 

Hence we can rewrite the equation S = 1 in the following form (for appropriate m 
and n): 

m n m n 

(18) JJz l " 1 c l z l JJ[xi,yi] = JJe7 1 c i e l ]^[[a i ,6 J ]. 

2—1 2—1 i — 1 Z— 1 

Proposition 5.1. Let S" = 1 6e a regular quadratic equation (|18f) and /3 : 
Gr(s) —> G a solution of S = 1 in G in a general position. Then one can effectively 
construct a sequence of extensions of centralizers 

G = G 1 ^G 1 (u 1 ,t 1 ) = G 2 ^...^ G„K, tn) = G(U, T) 
and a G -homomorphism \p : G^rg) —* G(U,T). 

Proof. By induction we define a sequence of extensions of centralizers and a 
sequence of group homomorphisms in the following way. 

Case: m 5^ 0,n = 0. In this event for each i = 1,. .. ,m — 1 we define by 
induction a pair (9i,Hi), consisting of a group Hi and a G-homomorphism 9i : 
G[X]^Hi. 
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Before we will go into formalities let us explain the idea that lies behind this. 
If z\ — ► ei, . . . , z m — > e m is a solution of an equation 

(19) zf 1 cizi . . . z m 'c m z m = cZ, 
then transformations 

(20) ei -> ei (c- * c-^ 1 ) 9 , e l+1 -> e i+ i (c- 1 c-^ 1 ) 9 , r -> (j 7^ i, « + 1), 

produce a new solution of the equation (|19(l for an arbitrary integer q. This solution 
is composition of the automorphism 7? and the solution e. To avoid collapses 
under cancellation of the periods (c^'c^Y ) q (which is an important part of the 
construction of the discriminating set of homomorphisms Sp in Section 1.4 in |16| ) 
one might want to have number q as big as possible, the best way would be to have 
q = 00. Since there are no infinite powers in G, to realize this idea one should go 
outside the group G into a bigger group, for example, into an ultrapower G' of G, 
in which a non-standard power, say t, of the element c^'c^Vj 1 exists. It is not hard 
to see that the subgroup (G, t) ^ G' is an extension of the centralizer G^c^c^S 1 ) 
of the element c^'c^S 1 in G. Moreover, in the group (G,t) the transformation H2U|) 
can be described as 

(21) e l -> eit, e l+ i -> ej+it, e, -> ej (j^z,i + l), 

Now, we are going to construct formally the subgroup (G, t) and the corresponding 
homomorphism using l|21Jl . 

Let _ff be an arbitrary group and (3 : G5 — > i? a homomorphism. Composition 
of the canonical projection G[X] — > Gs and j3 gives a homomorphism /3q : G[X] —> 
H. For i = put 

i?o = H. 60 = /?o 

Suppose now, that a group ifi and a homomorphism #i : G[X] — > are already 
defined. In this event we define -ff^+i and 0i_|_i as follows 

H i+1 = (Hi,r i+1 I ChaA 1 ^ 

h+l = Zi+2 = ^i+2 r i+l' ^ + = Zj\ ! + M + 2). 

By induction we constructed a series of extensions of centralizers 

G = H ^ iJ 1 < . . . < H n _i — H m _i(G) 
and a homomorphism 

Om-1,13 = 9m-l '■ G[X\ — ► H m -\{G). 

Observe, that, 

C i+1 C i+2 ~~ C i+1 C i+2 

so the element rj+i extends the centralizer of the element cS^ irs c2_ 2 - I n particular, 
the following equality holds in the group H m -\{G) for each i = 0, . . . , m — 1: 

(22) [r i+1) c^ 1 ir< ^ 2 ] = l. 
(where ro = 1). Observe also, that 

(23) z B { n ~ x = em, = eifi-in, z^- 1 = e m r m -i (0 < i < m). 
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From (j22Jl and Ipfy it readily follows that 

(24) =ri e r ic ^' 



so 6 m -i gives rise to a homomorphism (which we again denote by B m -\ or Op) 

B m -\ ■ Gs — ► i? m _i(G). 

Now we iterate the construction one more time replacing H by H m -\{G) and (3 by 
9 m -i and put: 

Hp{G) = H m ^x(H m _i(G)), \p = 0g m _ 1 : G s — > Hp(G). 

The group Hp{G) is union of a chain of extensions of centralizers which starts at 
the group H. 

If H = G then all the homomorphisms above are G-homomorphisms. Now we 
can write 

Hp(G) — G(U, T) 

where U = {ui, . . . , u m _i, iii, . . . , u m -i}, T = {ri, . . . ,r m -i, n, . . . ,f m -i} and 
the corresponding elements when we iterate the construction: 

_ e i+1 ri e i+2 - ej_|_irj»-4_|_ifj e i+2 r i+ ir i+2 

Ui+i — c i+1 c i+2 , — c i+1 c i+2 

Case: to = 0,n > 0. In this case S = [xi,yi] • ■ ■ [x n , yjc? -1 . Similar to the 
case above we start with the principal automorphisms. They consist of two Dehn's 
twists: 

(25) x -> y p x, y -> y; 



(26) x -> x, y -> x p y; 

which fix the commutator [x,y], and the third transformation which ties two con- 
sequent commutators [xi , j/j] [x%+i , yi+i] ■ 

(27) x t -> (y^"^)" 9 ^, y 4 -> (yisc7 + 1 1 ) _9 y i (j/ i i7 f x 1 ) 9 , 

-> (y^^r^+i^x^) 9 , y i+ i -> (yja;^\)" 9 y i+ i. 

Now we define by induction on i, for i = 0, . . . ,4n — 1, pairs (G^, o^) of groups 
Gj and G-homomorphisms a,; : G[X] — > Gi. Put 

G = G, a = [3. 

For each commutator [x^ yi] in S* = 1 we perform consequently three Dehn's twists 
(12611 , 125|) , (|26[) (more precisely, their analogs for an extension of a centralizer) and 
an analog of the connecting transformation l|27[) provided the next commutator 
exists. Namely, suppose G44 and an have been already defined. Then 
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G4i+i — (G4i,t 4i+1 | [C(3 4i (2^1), t4i+i] — l); 

G4i+2 = (G4i + i,i4 i+2 I [C , G 4l+1 (j/°! ( !i +1 ),t4i+2] = l) ; 

G4i+3 = (G 4 i+2,i4i+3 I [C , G 4i+2 (a;^ l 1 +2 ),t4i+3] = l) ; 

G4i+4 = ^G 4 i +3 ,t4i + 4 I Cg 4i+3 (2/ l Q +i +3 ^i+ C 2 4l+3 ) ) ^4i+4 =1 

«4i + 4 _ ,-1 «4i + 3 «4i + 4 _ a 4 i + 3 t 4 i + 4, Q!4i + 4 _ a4» + 3*4i + 4 

x i+l ~ L 4i+4 x i+l 'fi+l — f/j+1 ' x i+2 ~ x i+2 ' 

"4«+4 ,-1 04.+3. 

fi+2 — t 4»+4i'i+2 ' 

s" 4t + 3 (s ^ a; i+ i,3/ i+ i,a;i + 2,j/i+2). 



a4i + 4 



Thus we have defined groups Gi and mappings on for all i = 0, . . . , An — 1. As 
above, the straightforward verification shows that the mapping a 4n -i gives rise to 
a G-homomorphism a 4n -\ : Gs — > G4„_i. We repeat now the above construction 
once more time with G4„_i in the place of Go, ot-in-i m the place of /?, and tj in 
the place of tj. We denote the corresponding groups and homomorphisms by Gi 
and 6ii : Gs — > Gj. 
Put 

G(U,T) = G^n-i, Xfj — a^n-i, 
By induction we have constructed a G-homomorphism 

Xp :G S -^G(U,T). 

Case: m > 0, n > 0. In this case we combine the two previous cases together. 
To this end we take the group H m _\ and the homomorphism B m -\ : G[X] — > i? m _i 
constructed in the first case and put them as the input for the construction in the 
second case. Namely, put 



G = {H m ^i,r m \[C Hm ^ 1 { cZ m x i m 1 ),r m ] = l i 
and define the homomorphism ao as follows 

*%=z%r- 1 r m , a£°=aj™, y«°= r - 1 b 1 , s a ° = s 8 - 1 (s e X,s ^ z m , Xl , yi ). 

Now we apply the construction from the second case. Thus we have defined groups 
d and mappings on : G[X] — > Gj for alii = 0, . . . , An — 1. As above, the straight- 
forward verification shows that the mapping a^n-i gives rise to a G-homomorphism 

Otin-l '■ Gs > Gi n -\. 

We repeat now the above construction once more time with G^n-i in place of 
Go and a.\ n -\ in place of (3. This results in a group G4„_i and a homomorphism 
<54„_i : Gs — > G4„_i. 

Put 

G(U,T) = G^n-i, Xp = a^n-i. 
We have constructed a G-homomorphism 

X fi :G s ^G{U,T). 
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We proved the proposition for all three types of equations fT5|l . ifTfljl . (fT7| . as 
required. □ 

Proposition 5.2. Let S — 1 be a regular quadratic equation (J2J and 

P '■ Gr(s) — * G 

a solution of S — 1 in G in a general position. Then the homomorphism 

is a monomorphism. 

Proof. In the proof of this proposition we use induction on the atomic rank 
of the equation in the same way as in the proof of Theorem 1 in |12j . 

Since all the intermediate groups are also fully residually free by induction it 
suffices to prove the following: 

1. n = 1, m = 0; prove that ip = a 3 is an embedding of Gs into G3. 

2. n = 2, m = 0; prove that ip = is a monomorphism on H = (G, x%, y\) . 

3. n = 1, m = 1; prove that ip = a 3 ao is a monomorphism on H = (G, z\) . 

4. n = 0, m > 2; prove that 9 2 9 2 is an embedding of Gs into H 2 . 
Now we consider all these cases one by one. 

Case 1. Choose an arbitrary nontrivial element h 6 Gs- It can be written in 
the form 

h = ,9i v 1 (x 1 ,y 1 ) g 2 v 2 (x 1 ,y 1 ) g 3 . . -« n (^i,l/i) 9n+i, 

where 1 ^ Vi(xt, y\) <E F{x\, yi) are words in x%, y%, not belonging to the subgroup 
and 1 ^ gi E G, gi ^ ([a, 6]} (with the exception of 51 and g n +i, they 
could be trivial). Then 

(28) hft = gi vi(t 3 t 1 a,t 2 b) g 2 v 2 (t 3 tia 1 t 2 b) g 3 ■ ■ ■ v n (t 3 tia,t 2 b) g n+1 . 

The group G(U, T) is obtained from G by three HNN-extensions (extensions of 
centralizers) , so every element in G(U,T) can be rewritten to its reduced form by 
making finitely many pinches. It is easy to see that the leftmost occurrence of either 
t 3 or ti in the product l|28[) occurs in the reduced form of uncancelled. 

Case 2. x\ — > t^ t 2 ai, yi — > t^ £3^161^4, x 2 — ► t^ a 2 t^ y 2 — > 62- Choose 
an arbitrary nontrivial element h e H = G * F{x\,y\). It can be written in the 
form 

h = g x v 1 (x 1 ,y 1 ) g 2 v 2 (x 1 ,y 1 ) g 3 . ..v n (xi,yi) g n+1 , 

where 1 ^ Vi(x\,yi) S F(xx,yi) are words in xi,yi, and 1 / ^ e G (with the 

exception of g\ and g n +i> they could be trivial). Then 

(29) 

h* = .91 vx{tl l ha, (hhb)^) g 2 v 2 {t^H 2 a, (hhbf*) g 3 --- v n (tj%a, (i 3 M)' 4 ) g n+1 . 

The group G(U, T) is obtained from G by four HNN-extensions (extensions of cen- 
tralizers), so every element in G(U,T) can be rewritten to its reduced form by 
making finitely many pinches. It is easy to see that the leftmost occurrence of 
either £4 or t\ in the product (|29|l occurs in the reduced form of h^ uncancelled. 

Case 3. We have an equation c z [x,y] — c[a,b], z — > zr\¥\, x — > {t 2 a ri ) ri , y — » 
; Ti 1 t 3 t\r^ 1 b, and [ri,ca _1 ] = 1, [r~i,(c ri ar r H2 )] = 1. Here we can always suppose, 
that [c,a] 7^ 1, by changing a solution, hence [r"x,fi] ^ 1. The proof for this case is 
a repetition of the proof of Proposition 1 1 in |12| . 
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Case 4. We will consider the case when m = 3; the general case can be 
considered similarly. We have an equation c^c^c^ 3 = C1C2C3, and can suppose 
[Cj,C i+ i] ^ 1. 

We will prove that ip — 2 0\ is an embedding. The images of z\, z 2 , Z3 under 
0201 are the following: 

z\ -> cinfi, z 2 -> c 2 rir 2 fi, z 3 c 3 r 2 , 

where 

[ri,c lC2 ] = l, [r 2 ,c^ C3 ] = l, [fi,^ ira ] = l. 

Let w be a reduced word in G* F(zi, i = 1, 2, 3), which does not have subwords 
c^ 1 . We will prove that if = 1 in if 1 , then w & N, where iV is the normal closure 
of the element c\ x c z 2 d£ c^ 1 c{ x . We use induction on the number of occurrences 
of zf 1 in w. The induction basis is obvious, because homomorphism ip is injective 
on the subgroup < F, z 2 , £3 > . 

Notice, that the homomorphism ip is also injective on the subgroup K =< 
z 1 z 2 ~ 1 ,z 3 ,F> 1 

Consider Hi as an HNN-extension by letter f\ . Suppose = 1 in H 1 . Letter 
fi can disappear in two cases: 1) w € if AT, 2) there is a pinch between ff 1 and fi 
(or between f\ and fj -1 ) in . This pinch corresponds to some element z^\uz' Y 2 
(or z 1 ^u(z' l 2 )~ 1 ), where 21,2,^1,2 S {zi,z 2 }. 

In the first case ^ 1, because w G AT and w ^ N . 

In the second case, if the pinch happens in (zi. 2 u(z[ 2 ) _1 ) , then z\. 2 u{z' x 2 ) _1 G 
if TV, therefore it has to be at least one pinch that corresponds to (zi 2 uz[ .2)^ ■ We 
can suppose, up to a cyclic shift of w, that is the first letter, w does not end with 
some z'{ 2 , and w cannot be represented as z^\uz[ 2 v\z'{ 2 v 2 , such that z' 12 v\ G KN. 
A pinch can only happen if Zi 2 uz' 12 G< c^c 2 2 >. Therefore, either zi i2 = zi, or 
z( 2 = zi, and one can replace c Zl by c\c 2 c 3 c^ Z3 c 2 Z2 , therefore replace w by u>i such 
that w = uwi, where u is in the normal closure of the element c z x c z 2 c z ^ c^ 1 , 
and apply induction. □ 

The embedding A/3 : G5 — > G(U, T) allows one to construct effectively discrim- 
inating sets of solutions in G of the equation S = 1. Indeed, by the construction 
above the group G(U,T) is union of the following chain of length 2AT = 2K(m, n) 
of extension of centralizers: 

G = Hq < Hi . . . < H m _i ^ Go ^ Gi < . . . ^ G4„_i = 

= H < if 1 ^ . . . ^ H m -\ = Go ^ . . . < G4„_i = G(£7, T). 
Now, every 2AT-tuple p G N 2K determines a G-homomorphism 

i p :G(U,T)^G. 

Namely, if Zi is the i-th term of the chain above then Zi is an extension of the 
centralizcr of some element gi G by a stable letter ti. The G-homomorphism 
£ p is defined as composition 

£ p = ip! o . . . o ip K 

of homomorphisms ipi : Zi ^ Zi-\ which are identical on Zi_i and such that 
tf i = gf* , where pi is the i-th component of p. 
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It follows (see |161 Section 1.4]) that for every unbounded set of tuples P C N 2K 
the set of homomorphisms 

Sp = {& I peP} 

G-discriminates G(U,T) into G. Therefore, (since Xp is monic), the family of G- 
homomorphisms 

3p,/3 = {Xfs^p Hp £ Sp} 

G-discriminates Gs into G. 

One can give another description of the set 5p ;| a in terms of the basic automor- 
phisms from the basic sequence T. Observe first that 

XpHp = (j>2K, P 0, 

therefore 

Sp,/3 = {4>2K,p(i | P ^ P}- 

We summarize the discussion above as follows. 

Theorem 5.3. Let G be a finitely generated fully residually free group, S = 1 
a regular standard quadratic orientable equation, and T its basic sequence of auto- 
morphisms. Then for any solution f3 : Gs — > G in general position, any positive 
integer J > 2, and any unbounded set P C N JK the set of G -homomorphisms £p,/3 
G-discriminates Gp(g) into G. Moreover, for any fixed tuple p' £ N tK the family 

Ep )( 8,p' = {4>tK, P '0 | £ 3p,/s} 

G-discriminates G^s) into G. 

For tuples / = . . . , A-) and g = (51, . . . , <? m ) denote the tuple 

fg = {hi ■ ■ -,fk,9i, ■ ■ -,9m)- 

Similarly, for a set of tuples P put 

fPg = {f P g\peP}. 

COROLLARY 5.4. Let G be a finitely generated fully residually free group, 5 = 1 
a regular standard quadratic orientable equation, T the basic sequence of automor- 
phisms of S , and (3 : Gs — > G a solution of S = 1 in general position. Suppose 
P C 'H 2K is unbounded set, and f £ N Ks , g £ N^ r /or some r, s 6 N. TTien there 
exists a number N such that if f is N -large and s > 2 then the family 

$P,0,f,g = {4>K(r+s+2), q P I q e /-Pp} 

G-discriminates Gms) into G. 

Proof. By Theorem 15.31 it suffices to show that if / is iV-large for some N 
then f3f = (j)2K,fP is a solution of S — 1 in general position, i.e., the images of some 
particular finitely many non-commuting elements from Gp(g) do not commute in 
G. It has been shown above that the set of solutions {<p2K,hP I h £ N 2K } is a 
discriminating set for Gp(g). Moreover, for any finite set M of non-trivial elements 
from Gp(g) there exists a number N such that for any iV-large tuple h £ N 2K the 
solution 4>2K,h(3 discriminates all elements from M into G. Hence the result. □ 
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6. Small cancellation solutions of standard orientable equations 

Let S(X) — 1 be a standard regular orientable quadratic equation over F 
written in the form l|18l) : 

m n m n 

i=l i=l i=l i=l 

In this section we construct solutions in F of S(X) = 1 which satisfy some small 
cancellation conditions. 

Definition 6.1. Let S = 1 be a standard regular orientable quadratic equation 
written in the form Q18)). We say that a solution /3 : F5 — > _F of S 1 = 1 satisfies 
the small cancellation condition (1/A) with respect to the set VVr.L if the following 
conditions are satisfied: 

1) (3 is in general position; 

2) for any 2-letter word uv € Wr,L (in the alphabet Y) cancellation in the 
word u^v^ does not exceed (1/A) min{|w^|, \v@\} (we assume here and 
below that u@ , v@ are given by their reduced forms in F) ; 

3) cancellation in a word vPv^ does not exceed (1/A) min{|u^|, provided 
U, v satisfy one of the conditions below: 

a) u = Zi, v = (z^c^Zi-i), 

b) u = Cj, v = Zi, 

c) U = V = Cj. 

Notation 6.2. For a homomorphism /3 : — » F by (Tg we denote the set 

of all elements that cancel in u°v" where u. v are as in 2), 3) from Definition 6.1 

Lemma 6.3. Letu,v be cyclically reduced elements ofG*H such that \u\, \v\ ^ 2. 
If for some m, n > 1 elements u m and v n have a common initial segment of length 
\u\ + \v\, then u and v are both powers of the same element w <E G* H . In particular, 
if both u and v are not proper powers then u = v. 

PROOF. The same argument as in the case of free groups. 

Corollary 6.4. Ifu,v € F, [u,v] ^ 1, then for any A there exist mo, no 
such that for any to mo,n uq cancellation between u m and v n is less than 
imax{|u" l |, \v n \}. 

Lemma 6.5. Let S(X) = 1 be a standard regular orientable quadratic equation 
written in the form Ijl8|l : 

tci n m n 

Y\_ z~ 1 c t z i Jj[xi, yi] = Y[ e~ 1 c i e i JJ[oi, h], n > 1, 

i—1 i—1 i—1 i—1 

where all Ci are cyclically reduced, and 

0i:Xi-> di, y l -> hi, z t -> e, 

a solution of S — 1 in F in general position. Then for any A £ N i/iere are positive 
integers rrii,Tii,ki, qj and a tuple p — (p±, . . . p m ) such that the map (3 : F[X] — > F 
defined by 

4 = {b^a{f^ m \ yf = ((b^ax^hf^ 1 , where a, = xf mft , h = yf ^ 
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4 = (6>i) KAr< , y? = m i a i )H i )^ mi , i = 2,...n, 

z i = c i , i = l,...m, 

is a solution of S = 1 satisfying the small cancellation condition (1/A) with respect 
to VVr,L- Moreover, one can choose the solution (3i such that if u = cf* or u = xj 
andv = c^ 1 , then the cancellation between u@ aniv^ is less than (1/A) min{|u|, \v\}. 

Proof. The solution 

x,[ ► g^, yi > bi, Zi > Ci 

i = 1, . . . , n, j = 1, . . . , to is in general position, therefore the neighboring items in 
the sequence 

c iV ■ ■.4 m J a b i i]. •••) [a n >K] 

do not commute. 

There is a homomorphism 9p 1 : F$ — > F = F(U, T) into the group F obtained 
from F by a series of extensions of centralizers, such that (3 — Op^p, where ip p : 
F —> F. This homomorphism 9p 1 is a monomorphism on F * F(z\, . . . , z m ) (this 
follows from the proof of Theorem 4 in |12j , where the same sequence of extensions 
of centralizers is constructed) . 

The set of solutions ijj p for different tuples p and numbers m,-,ni, fcj, qj is a dis- 
criminating family for F . We just have to show that the small cancellation condition 
for (3 is equivalent to a finite number of inequalities in the group F. 

We have z? = c fzf m>31 such that Pi(zi) = ej, and p = (pi, . . . ,p m ) is a large 
tuple. Denote Aj = A 13 - 1 , j = 1, .. . ,m. Then it follows from Lemma f4. 61 that 

zf = cf^ei^^Af- 1 , where * = 2, . . . ,m - 1 

z =r q m +l p JP™-1 -1 Jp m -1 

where 

M = c?cf, 

A 2 = A 1 (p 1 ) = A^c?A?c?, 



Ai — Ai_l 1 ci 1 A\ l _l c^ 1 , i — 2, . . . , to — 1, 
4 - 4~P m -V Gm 4 Pm - 1 n~ 1 

One can choose p such that [.Aj, Aj+i] ^ 1, c^ 1 ] 1j [A'-i) 7^ 1 an d 

[A m , [ai,&i]] 7^ 1, because their pre-images do not commute in F. We need the 
second and third inequality here to make sure that Ai does not end with a power 
of Ai-\. Alternatively, one can prove by induction on i that p can be chosen to 

satisfy these inequalities. Then c^ and have small cancellation, and Cm has 
small cancellation with x^ ,yf^ . 
Let 

xf = (b?a,)^ h <r\ yf = ((&> i )H) [a '' 6 ' r \ i=2,...,n 

for some positive integers mi,rii,ki, Sj which values we will specify in a due course. 
Let uv 6 VVr- There are several cases to consider. 



ALGEBRAIC GEOMETRY OVER FREE GROUPS 



275 



1) uv — XiXi. Then 

uV = (6^a ^ ) [Q - bllm, (6^a ^ ) [Q - b ' lm, . 

Observe that the cancellation between (6™^) and (6™*^) is not more then |oj|. 
Hence the cancellation in u^v^ is not more then |[di,6i] mi | + |ai|. We chose ^> rrii 
such that 

\[a i M mi \ + \ai\<Wmb? i *i) [ai ' biri \ 
which is obviously possible. Similar arguments prove the cases uv — Xiyi and 
uv = y l x l . 

2) In all other cases the cancellation in it /3 u /3 does not exceed the cancellation 
between [a,i,bi] mi and [aj+j.,&i+j.] m * +1 , hence by Lemma [6.31 it is not greater than 
\[a,i,bi]\ + |[o i+ i,6i + i]|. 

Let u = zf,v = Cjjj -1 . The cancellation is the same as between A^f and 
A i ^~ 1 and, therefore, small. 

Since c, is cyclically reduced, there is no cancellation between Cj and zf. 
The first statement of the lemma is proved. 

We now will prove the second statement of the lemma. We can choose the 
initial solution ei , . . . , e m , ai , bi, . . . , a n , b n so that [c^ 1 c£ , C3 3 . . . c|* ] 7^ 1 ( i 3) , 
[c^c^ 2 , [ai,6i]] 7^ 1, (i = 2, . . . ,n) and [c^c^ 2 , 6 1 " 1 a^ 1 fe 1 ] 7^ 1. Indeed, the equations 
[cf c* 2 , c* 3 . . . c? ] = 1, [cf c* 2 , [li,^]] = 1, (i = 2, . . . ,n) and [cf c* 2 , yf 1 ^ 1 ^] = 1 
are not consequences of the equation 5 = 1, and, therefore, there is a solution of 
S'(X) = 1 which does not satisfy any of these equations. 

To show that u = and v — c^ 1 , have small cancellation, we have to show 
that p can be chosen so that [A\, Ai] 7^ 1 (which is obvious, because the pre-images 
in G do not commute), and that A~ does not begin with a power of A±. The 
period A~ x has form (c^" 1 " 1 . . . c^ Z3 A^[ P2 . . .). It begins with a power of A\ if and 
only if [Ai, C3 3 ■ ■■c\ i ] — 1, but this equality does not hold. 

-0 z B 

Similarly one can show, that the cancellation between u = Xj and v = Cj 1 is 
small. □ 

Lemma 6.6. Let S(X) = 1 be a standard regular orientable quadratic equation 
of the type l(T7)l 

m 

J^J z i c i z i = Cj^ 1 . . . C„'™ = d 1 
z=l 

where all ct are cyclically reduced, and 

Pi : Zi-* e H 

a solution of S — 1 in F in general position. Then for any A 6 N there is a positive 
integer s and a tuple p — (pi, . . -Pk) such that the map [3 : F[X] — ► F defined by 

is a solution of S = 1 satisfying the small cancellation condition (1/A) im£/i respect 
to VVr.L toit/i one exception when u = d and v = c m 2 _ m f 1 case d cancels out 

in v 13 ). Notice, however, that such word uv occurs only in the product wuv with w = 
Cj 2 , in which case cancellation between w@ and dv^ is less than mm{\w^\, \dv@\}. 



270 



O. KHARALMPOVICH AND A. G. MYASNIKOV 



Proof. Solution (3 is chosen the same way as in the previous lemma (ex- 
cept for the multiplication by d s ) on the elements Zi, i ^ m. We do not take 
s very large, we just need it to avoid cancellation between z^ and d. Therefore 

the cancellation between c^ and c i+ l +1 is small for i < m — 1. Similarly, for 
u = c^ 2 , v = d, w = Cj^-x 1 , we can make the cancellation between u@ and dw@ 
less than min{|M' 3 |, Ifiw' 3 !}. □ 

Lemma 6.7. Let U, V e W t ,l such that UV = U oV and UV e Wr,L- 

1. Let n ^ 0. If u is the last letter of U and v is the first letter of V then 
cancellation between U@ and is equal to the cancellation between and v 13 . 

2. Let n = 0. If u\u 2 are the last two letters of U and v\,x>2 are the first 
two letters of V then cancellation between and V° is equal to the cancellation 
between (iti?^)^ and {v\V 2 )^ ■ 

Proof. Since (3 has the small cancellation property with respect to Wt,l> this 
implies that the cancellation in U^V^ is equal to the cancellation in iiPv^, which 
is equal to some element in Cp. This proves the lemma. □ 

Let w £ VVr,L, W — . We start with the canonical iV-large yl-representation 
of W: 

(30) W = Bi o A qi o • • • o B k o A q " o B k+1 

where \qi\ ^ N and maxj(Bi) ^ r. 

Since the occurrences A qi above are stable we have 

B x = B x oA sqn ^\ Bi = A s9n ^-^oBioA S9n ^ (2 < i < k), B k+1 = A sgn ^oB k+ 

Denote A$ = c _1 ^4'c, where A' is cyclically reduced, and c G Cp. Then 

B{ = B^c-\A') S9n ^c, Bf = c-\A') S9n ^-^cBfc-\A') san ^c, 



Bl +1 =c-\AT n ^cBl +1 . 

By Lemma lfi.71 we can assume that the cancellation in the words above is small, 
i.e., it does not exceed a fixed number a which is the maximum length of words 
from Cp. To get an iV-large canonical ^'-decomposition of W@ one has to take 
into account stable occurrences of A'. To this end, put e$ = if A' S3n ^ 9 '' occurs in 
the reduced form of Bfc~ 1 (A') S9n ^ qi " > as written (the cancellation does not touch 
it), and put £j = sgn(qi) otherwise. Similarly, put Si — if A' S9n ^ q ^ occurs in the 
reduced form of {A') SBn ^ cB? +1 as written, and put Si = sgn(qi) otherwise. 
Now one can rewrite W" in the following form 



(31) W p = E 1 o (A') qi ~ £l ~ Sl oE 2 o (A')t*- e *- S2 o • ■ • o (A') q "- Sk - 5k o E k+U 

where E x = {B? C' 1 (A'fi) , E 2 = ((A'^cB^c^iA')^), E k+1 = ((A') s " cB p k+1 ). 

Observe, that di and £,*, 5i can be effectively computed from W and (3. It follows 
that one can effectively rewrite W@ in the form (|31|l and the form is unique. 

The decomposition (|31|l of induces a corresponding ^-decomposition of 
W. Namely, if the canonical ./V-large ^-decomposition of W has the form: 

D 1 (A*) qi D 2 ■ ■ ■ D k (A*) qk D k+1 
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then the induced one has the form: W — 
(32) 

(D 1 A* Sl )A* qi ~ Sl - 5l {A* 5l D 2 A* £2 ) ■ ■ ■ (A* 5 -- 1 D k A* £k )A* q ^ £k ~ Sk [A* 5 - D k+1 ). 

We call this decomposition the induced ^-decomposition of W with respect to 
(3 and write it in the form: 

(33) W = Dl(A*) q *Dl ■ ■■D* k (A*f k D* k+1 , 

where D* = (A*) Sz ~ x Di(A*) £ \ q* = qi — Ej — Si, and, for uniformity, 5i — and 
£fc+i = 0. 

Lemma 6.8. For given positive integers j, M, N there is a constant C — 
C(j, M, N) > such that if pt+i ~ Pt > C for every t = 1, . . . , j — 1, and a word 
W G Wr\L has a canonical N -large A* -decomposition f&3p. then this decomposition 
satisfies the following conditions: 
(34) 

(Dlf = E l0e (cR% {D*Y - (R-Pc-^oeEMcR ), (D* k+1 f = (R^c-^ogE^, 
where 6 < \A\ — M . Moreover, this constant C can be found effectively. 

PROOF. Applying homomorphism (3 to the reduced ^-decomposition of W a 
(|3*5|l we can see that 

Wg = ((DtfRPc) (A'f (cR^D^R-^c- 1 ) (A'f ■ ■ ■ 

{cRPiPifR-tc-i) (A'f (cR?(D* k+1 f) . 

Observe that this decomposition has the same powers of A' as the canonical TV-large 
^'-decomposition (|31|l ■ From the uniqueness of such decompositions we deduce that 

Ex = {DlfBPc, Bk = cR^D*fR-^c-\ E k+1 = cRP(D* k+1 f 

Rewriting these equalities one can get 

{D{f = EtooicR*), [D*f = {R-Pc-^oeEiOeicRP), (D* k+1 f = {R-P c - l )o e E k+l 

and 9 <C \A\. Indeed, in the decomposition l|31(l every occurrence (A') qi ~ £i ~ Si is 
stable hence Ei starts (ends) on A'. The iV-large rank of R is at most rankN(A), 
and (3 has small cancellation. Taking Pj+i S> Pj we may assume that \A'\ 3> 
\c\,\RP\. ' □ 

Notice, that one can effectively write down the induced ^-decomposition of 
W with respect to (3. 

We summarize the discussion above in the following statement. 

Lemma 6.9. For given positive integers j, N there is a constant C — C(j,N) 
such that if pt+\ — pt > C, for every t = 1, ... ,j — 1, then for any W G VVr,L the 
following conditions are equivalent: 

(1) Decomposition (|30|l is the canonical (the canonical N -large) A- decomposition 
ofW, 

(2) Decomposition (|31|l is the canonical (the canonical N -large) A' -decomposition 
ofW , 

(3) Decomposition (132(1 is the canonical (the canonical N -large) A* -decomposition 
ofW. 
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7. Implicit function theorem for quadratic equations 

In this section we prove Theorem A for orientable quadratic equations over a 
free group F — F(A). Namely, we prove the following statement. 

Let S(X,A) = 1 be a regular standard orientable quadratic equation over F. 
Then every equation T(X, Y, A) = 1 compatible with S(X, A) — I admits an effec- 
tive complete S-lift. 

A special discriminating set of solutions L and the corresponding cut 
equation II. 

Below we continue to use notations from the previous sections. Fix a solution 
j3 of S(X, A) = 1 which satisfies the cancellation condition (1/A) (with A > 10) 
with respect to VVr- 

Put 

Recall that 



_ ~ _ l _ ~ 



where j € N, Tj = (71 , . . . , 7^) is the initial subsequence of length j of the sequence 
r(°°), and p — (pi, . . . ,pj) 6 W . Denote by i/^p the following solution of S(X) = 1: 

Sometimes we omit p in <j)j tP , ipj, p and simply write 4>j, ipj- 
Below we continue to use notation: 

A = Aj = Aj, A* = A* = A*{(j)j) = Rj 1 o A s o Rj, d = d 3 = \Rj\. 

Recall that Rj has rank < j — K + 2 (Lemma By A 1 we denote the cyclically 

reduced form of A" (hence of {A*)°). Recall that Cp is the finite set of all initial 
and terminal segments of elements in (X^) 13 . 
Let 

$ = {<f> j , p \j £N,p£W}. 
For an arbitrary subset C of <& denote 

CP = {0/3 | e £}. 

Specifying step by step various subsets of <& we will eventually ensure a very 
particular choice of a set of solutions of S(X) = 1 in F. 

Let K = K(m,n) and J € N, J > 3, a sufficiently large positive integer which 
will be specified precisely in due course. Put L — JK and define V\ = N L , 

A = {<t>L, P \ peVi}. 

By Theorem 15.31 the set is a discriminating set of solutions of S(X) = 1 in F. 
In fact, one can replace the set V\ in the definition of C\ by any unbounded subset 
V2 QVi, so that the new set is still discriminating. Now we construct by induction 
a very particular unbounded subset Vi C . Let a € N be a natural number and 
/iiNxN^ffa function. Define a tuple 

where 

P P=a, pfl x = pf ] + h(0,j). 
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Similarly, if a tuple pW = (p^\ . . . ,p^') is defined then put = (p^ +1 \ . . . ,p^ ), 

where 

p< i+ 1} = pf + h(i + 1, 0), p^ = + h(i + 

This defines by induction an infinite set 

P a ,h = {p (i) * e N} c N L 

such that any infinite subset of Vf,h is also unbounded. 

From now on fix a recursive non-negative monotonically increasing with respect 
to both variables function h (which will be specified in due course) and put 

V 2 = V a ,h, £2 = {(f> LtP | p e V 2 }. 

Proposition 7.1. Let r > 2 and K(r + 2) < L then there exists a number ao 
such that if a > ag and the function h satisfies the condition 

(35) h(i + l,j)>h(i,j) for any j = Kr+l,. ..,K(r + 2),i = 1,2,...; 

then for any infinite subset V C V 2 the set of solutions 

Cv 13 = {4>l, p /3 \peV} 

is a discriminating set of solutions of S(X,A) = 1. 

PROOF. The result follows from Corollarv l5.4l □ 

Let i/j = ip p £ £f- Denote by U$ the solution of the equation S(X) = 1 in 
F. Since T(X, F) = 1 is compatible with S(X) = 1 in F the equation T(U^, F) = 1 
(in variables F) has a solution in F, say F = V^. Set 

A = {(U^,V^) | V G £f}. 

It follows that every pair (U^, V^) £ A gives a solution of the system 

R(X,Y) = (S(X) = 1 A T(X,Y) = 1). 

By Theorem 13.41 there exists a finite set CE{R) of cut equations which describes all 
solutions of R(X, F) = 1 in F, therefore there exists a cut equation II^a £ CE(R) 
and an infinite subset £3 C £ 2 such that U£ 3 ,a describes all solutions of the type 
(U^,V$), where tp £ £3. We state the precise formulation of this result in the 
following proposition which, as we have mentioned already, follows from Theorem 
l3~4l 

Proposition 7.2. Let C 2 and A be as above. Then there exists an infinite 
subset V3 C V 2 and the corresponding set £3 = {<pL,p | P £ V3} C £2, a c«< 
equation H-c 3 ,A = {£, fx, fhi) £ CE{R), and a tuple of words Q(M) such that the 
following conditions hold: 

1) f x (£)cX^; 

2) /or every tp £ £3 t/iere exists a tuple of words P^ — P^,(M) and a solution 
Oitj, : M — * F ofTlc 3 .A with respect to ij) : F[X] — * F such that: 

• the solution U^, = X^ of S(X) = 1 can be presented as = 
Q(M a *) and the word Q(M a, f) is reduced as written, 

• = P^(M a ^). 

3) there exists a tuple of words P such that for any solution (any group 
solution) (f3, a) of Hc 3 ,a the pair (U,V), where U = Q(M a ) and V — 
P(M a ), is a solution of R{X,Y) = 1 in F. 
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Put 

v = r 3 , c = c 3 , n £ = n £3 , A . 

By Proposition l7. li the set Cr is a discriminating set of solutions of S(X) = 1 in F. 
The initial cut equation n^,. 

Now fix a tuple p £ V and the automorphism 4> — 4>L,p £ C Recall, that for 

<-pj ' 

every j < L the automorphism q>j is defined by <pj —Tj , where pj is the initial 
subsequence of p of length j. Sometimes we use notation ip — <j>/3, ipj = <frjP- 

Starting with the cut equation He we construct a cut equation II^ = {£ , /^x, /m) 
which is obtained from II £ by replacing the function fx'-£~* F[X] by a new func- 
tion f^.x ■ £ where /</,,x is the composition of fx and the automorphism 
(j>. In other words, if an interval e £ £ in He. has a label x £ X^ 1 then its label in 
II is x*. 

Notice, that II^ and satisfy the following conditions: 

a) = crU.xfJ for every ^ g g. 

b) the solution of Il£ with respect to (j>j3 is also a solution of IT^ with respect 
to /3; 

c) any solution (any group solution) of IT^ with respect to p is a solution (a 
group solution) of lie with respect to </)P. 

The cut equation II^ has a very particular type. To deal with such cut equations 
we need the following definitions. 

Definition 7.3. Let IT = (£, fx, Jm) be a cut equation. Then the number 

lengthen) — m&x{\fAi(o~)\ | a £ £} 

is called the length of II. We denote it by length(H) or simply by Nji- 

Notice, by construction, length(IL^) = length(H^i) for every 4>,4>' £ C. Denote 

N c = length^). 

Definition 7.4. A cut equation II = (£, /x,/m) is called a T-cut equation in 
rank j (rank(H) = j) and size I if it satisfies the following conditions: 

1) let W a = f x (a) for a £ £ and N = (I + 2)N n . Then for every a £ £ 
W a £ Wr,L and one of the following conditions holds: 

1.1) W a has iV-large rank j and its canonical iV-large A,-decomposition 
has size (N, 2) i.e., W a has the canonical TV-large A,-decomposition 

(36) W a = B 1 o A] 1 o . . . B k o Af o B k+1 , 

with maXj(Bi) < 2 and qt> N; 

1.2) W a has rank j and maXj(W a ) < 2; 

1.3) W a has rank < j. 

Moreover, there exists at least one interval a £ £ satisfying the condition 
1.1). 

2) there exists a solution a : F[M] — » F of the cut equation II with respect 
to the homomorphism P : F[X] — > F. 

Lemma 7.5. Let I > 3. The cut equation il^ is a T-cut equation in rank L and 
size I, provided 

p L >(l + 2)N U ^ + 3. 
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PROOF. By construction the labels of intervals from il^ are precisely the words 
of the type x^ L and every such word appears as a label. Observe, that rank(xf L ) < 
L for every i, 1 < i < n (Xcmma l4.39l la). Similarly rank(xf L ) < L for every i < n 
and rank(y^ L ) = L (Lemma |4.39l lb'). Also, rank(zf L ) < L unless n = and i = m, 
in the latter case z^) — L (Lemma 14.891 lc and Id). Now consider the labels y% L 
and zf^) (in the case n = 0) of rank L. Again, it has been shown in Lemma r4.39l 
1) that these labels have A-large j4j,-decompositions of size (N, 2), as required in 
1.1) of the definition of a T-cut equation of rank L and size I. 

□ 

Agreement 1 on P. Fix an arbitrary integer I, I > 5. We may assume, 
choosing the constant a to satisfy the condition 

a > (I + 2)N n ^ + 3, 

that all tuples in the set V are [{I + 2)A n ^ + 3]-large. Denote N — (I + 2)A n ^. 

Now we introduce one technical restriction on the set V, its real meaning will 
be clarified later. 

Agreement 2 on V . Let r be an arbitrary fixed positive integer with Kr < L 
and q be a fixed tuple of length Kr which is an initial segment of some tuple from 
V . The choice of r and q will be clarified later. We may assume (suitably choosing 
the function h) that all tuples from V have q as their initial segment. Indeed, it 
suffices to define h(i, 0) = and h(i,j) = h(i + l,j) for alii £ N and j = 1, . . . , Kr. 

Agreement 3 on P. Let r be the number from Agreement 2. By Propo- 
sition 17.11 there exists a number ao such that for every infinite subset of V the 
corresponding set of solutions is a discriminating set. We may assume that a > a$. 

Transformation T* of T-cut equations. 

Now we describe a transformation T* defined on T-cut equations and their 
solutions, namely, given a T-cut equation n and its solution a (relative to the fixed 
map (3 : F[X] —> F defined above) T* transforms il into a new T-cut equation 
n* = T*(n) and a into a solution a* = T*(a) of T*(TI) relative to (3. 

Let II = (£ , fx, Jm) be a T-cut equation in rank j and size I. The cut equation 

T*(II) = (£*,/£,, /m*) 

is defined as follows. 

Definition of the set £*. 

For a e £ we denote W a = fx(cr). Put 

£j t N = {<t E £ \ W a satisfies 1.1)}. 

Then £ = £j,N U £<j,N where £<j,N is the complement of £j,N m £■ 

Now let a S £j,N- Write the word W@ in its canonical A' decomposition: 

(37) = E l o A' 91 oE 2 o---oE k o A' qk o E k+1 

where \q t \ > 1, E t ^ 1 for 2 < i < k. 
Consider the partition 

/m(o-) = Mi ...//„ 
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of a. By the condition 2) of the definition of F-cut equations for the solution 
(3 : F[X] — > F there exists a solution a : F[M] ->Fof the cut equation II relative 
to (3. Hence W% = f M {M a ) and the element 

is reduced as written. It follows that 

(38) WS = Eio A' qi oE 2 o---oE k o A iqk o E k+1 = o ■ ■ ■ o 

We say that a variable /i, is long if A'^ l+2 ^ occurs in [if (i.e., fif contains a 
stable occurrence of A' ), otherwise it is called short. Observe, that the definition 
of long (short) variables \i € M does not depend on a choice of er, it depends only 
on the given homomorphism a. The graphical equalities 1|38|1 (when a runs over 
£/,jv) allow one to effectively recognize long and short variables in M. Moreover, 
since for every a £ £ the length of the word /m(ct) is bounded by length(U) — Njj 
and N = (I + 2)iVn, every word /m(c) {a € £,•) contains long variables. Denote by 
-^short, M\ oa& the sets of short and long variables in M. Thus, M = M s hort UMi ong 
is a non-trivial partition of M. 

Now we define the following property P — Pi ong ,i of occurrences of powers of 
A' in W§: a given stable occurrence A' 9 satisfies P if it occurs in fi a for some 
long variable \i € Mi ong and q ^ I. It is easy to see that P preserves correct 
over lappings. Consider the set of stable occurrences Op which are maximal with 
respect to P. As we have mentioned already in Section 0] occurrences from Op 
are pair-wise disjoint and this set is uniquely defined. Moreover, W% admits the 
unique ^'-decomposition relative to the set Op: 

(39) Wg = D x o (A') qi oD 2 o---oD k o (A') 9fc o D k+1 , 
where ^ 1 for i = 2, . . . , k. See Figure 1. 
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Figure 1. Decomposition l(3"9"|l 

Denote by fc(cr) the number of nontrivial elements among D±, . . . , D k+ \. 

According to Lemma RHfl the A'-decomposition[3!5]gives rise to the unique asso- 
ciated A-decomposition of W a and hence the unique associated A*-decomposition 
oiW a . 

Now with a given a G £j we associate a finite set of new intervals E a (of the 
equation T*(JL)): 

E a = {Si,. . • ,5fc(o-)} 

and put 

5* = E <3 U (J £ CT . 
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Definition of the set M* 

Let /x £ Mi on g and 

(40) (! a =MlO (A') S1 0!l 2 0...0!l f O (A') St O 

be the canonical Z-large ^'-decomposition of (jf*. Notice that if (x occurs in /a/(c) 
(hence \i a occurs in W@) then this decomposition (|471)l is precisely the ^'-decomposition 
of /i Q induced on fi a (as a subword of W^f) from the ^'-decomposition Ij39|) of 
relative to Op. 

Denote by the number of non-trivial elements among u\, . . . , Ut+\ (clearly, 
u t ^ 1 for 2 < i < t). 

We associate with each long variable [i a sequence of new variables (in the 
equation T*(Hj) = {vi, . . . , ^t( M )}- Observe, since the decomposition (f^ of fjb a 
is unique, the set is well-defined (in particular, it does not depend on intervals 

It is convenient to define here two functions t^ft and bright on the set Mi ong : if 
/i £ Miong then 

fleft(M) = V\, fright (M) = ft(M)- 

Now we define a new set of variable M* as follows: 
M* = M short U [J 5,. 

A»6M !o „ B 

Definition of the labelling function 

Put X* = X. We define the labelling function /*, : £* -> as follows. 

Let 5 e £*. If <5 e £<j , then put 

/£.(*) = /*(«). 

Let now 5 = 5, G E a for some u 6 -Mi ong . Then there are three cases to 
consider. 

a) S corresponds to the consecutive occurrences of powers A' 9j_1 and A' qi in 
the A'-decomposition l|39l) of Wg relative to Op. Here j = ioxj = i — \ with 
respect to whether D\ = 1 or D\ ^ 1. 

As we have mentioned before, according to Lemma 16.91 the ^'-decomposition 
(E59"j) gives rise to the unique associated ^-decomposition of W a : 

W a = D\ o d (A*)«* o d D; o • • ■ o d D* k o d (A*f k °d D* k+l . 

Now put 

ftfo) = e F[X\ 

where j = i if D% = 1 and j = i — 1 if D% ^ 1. See Figure 2. 
The other two cases are treated similarly to case a). 

b) (5 corresponds to the interval from the beginning of a to the first A' power 
A' qi in the decomposition JSSJl of . Put 

fx(S)=Dl. 

c) 5 corresponds to the interval from the last occurrence of a power A' qk of A' 
in the decomposition l|39(l of Wg to the end of the interval. Put 

r x {8)=D% +l . 

Definition of the function f^,. 
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Now wc define the function /* : £ * - 
Let 5 £ £* . If S e £<y , then put 



Figure 2. Defining /£. 

F[M*]. 



/m(<$) 



(observe that all variables in /m(<5) are short, hence they belong to M*). 

Let S = Si G E a for some er £ Mi ong . Again, there are three cases to consider. 

a) 6 corresponds to the consecutive occurrences of powers A' qs and A' qs+1 in 
the ^'-decomposition ()39J) of W@ relative to Op. Let the stable occurrence A' 9s 
occur in [if for a long variable fa, and the stable occurrence A ,qs+1 occur in fi" for 
a long variable fij. 

Observe that 

D s = right(ni) o nf +l o • • • o o left(pj), 

for some elements right(fii),left(fj,j) 6 _F. 
Now put 

/aT» W — ^i, right • ■ • ^j-l v j,left' 

See Figure 3. 

The other two cases are treated similarly to case a). 

b) <5 corresponds to the interval from the beginning of a to the first A' power 
A' qi in the decomposition (jSHJ of W$. Put 



fit AS) = Ml • ••/'.; \l'iJ'f- 

c) (5 corresponds to the interval from the last occurrence of a power A' qk of A' 
in the decomposition (|39(l of to the end of the interval. 
The cut equation T*(U) = {£* , fxi fh*) ^ as been defined. 
We define now a sequence 



(41) 
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FIGURE 3. Defining /j^-., case a) 

of TV-large T-cut equations, where Hi, = IL^, and IT_i = T*(II$). I n Claims|l|and 
below we show that in this case if II is a T-cut equation then T*(II) is also a 
T-cut equation of the corresponding rank and size, so the sequence is well-defined. 
However, it is convenient to assume this as a fact now and introduce some notation 
and agreements before proving the claims. 

Claim 1. Let Hj be a cut equation from the sequence Then there exists 

an infinite subset V' C V such that the cut equation ILy_i = T*(IIj) satisfies the 
following conditions: 

(1) the words fx*(p) £ ^[-^l* as parametric words in the parameters from p, 
are the same for every p £ V' , i.e., they differ only in exponents corre- 
sponding to components of the tuples p. 

(2) the words /m*(c) are the same for every p £ V' . 

Proof. The claim follows from the construction of T*(II). □ 

Agreement 4 on the set V: we assume (replacing P with a suitable infinite 
subset) that every tuple p £ V satisfies the conditions of Claim ^ Thus, every 
II = IT from the sequence (|41ll satisfies the conclusion of Claim ^ for V 1 = V . 

Claim 2. The homomorphism a* : F[M*] — > F defined as (in the notations 
above): 

a*(p) = a(n) (fx £ M s hort), 
ct*(Vi, r ight) = R~' 3 c~ 1 right(ni) (yi £ for /x £ Mi ong ) 
a*(vi,icft) = left^cR 13 
is a solution of the cut equation T*(il) with respect to ft : F[X] —> F. 

PROOF. Indeed, by Lemma 

(D* s f = (R-Pc- 1 ) Og D s Og (OR?) 

where 9 << \A'\. Therefore, ■ ■ ■ Mj-i occurs in D s without cancellation. There- 
fore a* is a required solution. □ 

Agreement 5 on the set V: we assume (by choosing the function h properly, 
i.e., h(i,j) > C(L,N + 3), see Lemma ) that every tuple p £ V satisfies the 
conditions of Lemma Ifllfl so Claim|3holds for every p £ V . Thus, for every II = IT 
from the sequence l|41|l with a solution a (relative to (3) the solution a* of the 
equation T*(LI) is defined as in Claim 
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Claim 3. Let II = {£ , fx, /m) be a T-cut equation in rank j >1 from the se- 
quence \41\l - Then for every variable /i G M there exists a word M^(Mt([i) , X^^ 1 , F) 
such that the following equality holds in the group F 

^ = M fi (Mf {n) ,X^f. 

Moreover, there exists an infinite subset P'CP such that the words M^fMyp), X) 
depend only on exponents Si,...,St of the canonical l-large decomposition of 
the words /i Q . 

Proof. The claim follows from the construction. Indeed, in constructing T(II) 
we cut out leading periods of the type (A'j) s from pi a (see (|47)|) '). It follows that to 
get [i a back from M^ n ^ one needs to put the exponents {Aj) s back. Notice, that 



Therefore, 

(A^' = A( 7j )^ 
Recall that A'j is the cyclic reduced form of Aj , so 

(A'j) s = uA(7 i )*i- I "« 

for some constants u,v G Cp C F. To see existence of the subset P'CP observe 
that the length of the words /m (c) does not depend on p, so there are only finitely 
many ways to cut out the leading periods (A'j) s from \x a . This proves the claim. □ 

Agreement 6 on the set V: we assume (replacing P with a suitable infinite 
subset) that every tuple p S V satisfies the conditions of Claim [3J Thus, for every 
II = Ili from the sequence l|41|) with a solution a (relative to (3) the solution a* 
satisfies the conclusion of Claim [21 

Definition 7.6. We define a new transformation T which is a modified version 
of T*. Namely, T transforms cut equations and their solutions a precisely as the 
transformation T* , but it also transforms the set of tuples V producing an infinite 
subset V* C V which satisfies the Agreements 1-6. 

Now we define a sequence 

rp rp rp 

(42) U L ^ n L _i A ... Hi 

of iV-large T-cut equations, where 11^ = II^, and Hi-i = T(IIj). From now on we 
fix the sequence (|42[) and refer to it as the T -sequence. 

Claim 4. The following statements are true: 

1) for every i = 1, . . . ,L/K and every interval a of the cut equation Ul-%k 
from the T -sequence there exists a word w = w a G VVr,L without N -large 
powers of elementary periods such that fx{o~) = w^ L ^ iK ; 

2) for every j = 1, . . . , L and every interval a of the cut equation Hi,—j from 
the T -sequence the label fx(&) of a belongs to VVr,L- 

Proof. We prove the claim by induction on i. 

Let i = 1. For every x G X ±x one can represent the element x^ L as a product 
of elements of the type y^ L ^ K ,y G X^ 1 (in this event we say that the element x^ L 
is a word in the alphabet X^ L - K ). Indeed, 
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where w = x^ K is a word in X . 

Now consider the first K terms in the T-sequence: 

n L -» . . . -> n L _ A -. 

We use induction on to to prove that for every interval a G IIi_ m = 

( S (L-m) j(L-m) ^ j(L-m) ^ . g Qf ^ form foj . gQme y g 

For m = 1 by Lemma 14.381 for j = L,r = K, there is a precise correspondence 
between stable ^-decompositions of 

X H = W 4>L-K = D <PL-K Qd A *q, Qd D *L- K jj^L-K ^ A *q k Q Q^L-K 

and stable Ax-decompositions of w 

w = D l0 A K qi o D 2 . . . D k o A% o D fe+1 . 
By construction, application of the transformation T to 11^ removes powers A^ 9s = 
A q ^ >L ~ K which are subwords of the word w^ L ^ K written in the alphabet X^ L ~ K . By 
construction the words Df L ~ K are the labels of the new intervals of the equation 
Suppose by induction that for an interval a of the cut equation II j (for 
to = L - j) f^\cr) = u^ L - K for some u G Sub(X ±<t>K ). Then either a does not 
change under T or fx\ a ) nas a stable (I + 2)-largc Aj* -decomposition in rank 
j = r + (L — K) associated with long variables in f^j\a): 

y4>L-K = fih.-K Qd A *qi Qd fi*L-K D 4>L-K ^ A *q k Q fi^-K ^ 

and a is an interval in II j . By Lemma 14.381 in this case there is a stable A T ~ 
decomposition of u: 

u = D 1 oA q }oD 2 ...D k o Af o D k+1 . 

The application of the transformation T to IT; removes powers A* qs = A% 
(since Aj* = At L ~ K ) which are subwords of the word u^ L - K written in the alphabet 
X<t>i-K _ By construction the words T)f L ~ K are the labels of the new intervals of the 
equation so they have the required form. By induction the statement holds 

for to = K, so the label (a) of an interval a in Hl—k is of the form u^ L - K , 

for some u G Sub(X ± ^ K ). Notice that Sub(X ± ' t ' K ) C W t ,l which proves statement 
1) of the Claim for i = 1 and proves the statement 2) for all j = 1, ... , K. 

Suppose, by induction, that labels of intervals in the cut equation IIl-Ki have 
form w^ L ~ Ki , w G VVr.L- We can rewrite each label in the form u^-k(<+i) j where 
v = w^ K G Wt,l- In the T-sequence 

each application of the transformation T removes subwords in the alphabet 
X^ >L ~ K '- i + 1 K The argument above shows that the labels of the new intervals in all 
cut equations Hl-Ki-x) > ■ ■ ■ > H-l-kU+i) are of the form v^ L ~ KI - i+1 ^ , where v G Wr,L- 
Following the proof it is easy to see that the word v does not contain TV-large powers 
of e^i^-Kii+i) f or an elementary period e. 

□ 

Claim 5. Let I > 3 ; Pj-i > (I + 2)Nu + 3. The cut equation T(H) is a T-cut 
equation in rank < j — 1 of size I . 
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Proof. The claim follows from the construction of T(U). More precisely, we 
show first that T(±I) has a solution relative to (3. It has been shown in Claim 1 that 
T*(1J) has a solution a* relative to (3. This proves condition 2) in the definition of 
the L-cut equation. 

Observe also, that to show 1) it suffices to show that 1.1) in rank j does not 
hold for T* (II) . It is not hard to see that it suffices to prove the required inequalities 
for ^'-decompositions (see Lemma f6. 91) . 

Let 6 G £*. By the construction (A') l+2 docs not occur in \x a for any \x G M*. 
Therefore the maximal power of A' that can occur in is bounded from 

above by (I + which is less then (I + l)length(T*(TV)), as required. Let t 

be the rank of T(LI), t < j — 1. It follows from the construction that if conditions 
1.1) and 1.3) for rank t are not satisfied for an interval in T(LI), then condition 1.2) 
is satisfied. □ 

Definition 7.7. Let LI = {£, fx, /m) be a cut equation. For a positive integer 
n by fc„(LI) we denote the number of intervals a G £ such that |/m(c)| = n. The 
following finite sequence of integers 

Com P (Ti) = (fc 2 (n),fc 3 (n),...,fc ien9t , i(n) (n)) 

is called the complexity of II. 

We well-order complexities of cut equations in the (right) shortlex order: if LI 
and LI' are two cut equations then Comp(H) < Comp(H') if and only if length(U) < 
length(H') or length(IV) = length(H') and there exists 1 ^ i ^ length(H) such that 
fcj(n) = fc 3 (LT) for all j > i but fc^LI) < fci(lT)- 

Observe that intervals a G £ with |/m(c)| = 1 have no input into the complexity 
of a cut equation LI = (£, fx, /m)- In particular, equations with /a/((t) | = 1 for 
every a G £ have the minimal possible complexity among equations of a given 
length. We will write Comp(T\) = in the case when ki(H) = for every i — 
2, . . .,length(n). 

Claim 6. Let LI = {£, fx, /m)- Then the following holds: 

(1) length(T(U)) ^ length(U); 

(2) Comp(T(n)) ^ Comp(IL). 

Proof. By straightforward verification. Indeed, if a G £ < j then /m(<t) = 
flf. (a). If a G £j and Si G E„ then 

where fi^^+i . . . ^ ll+r (i) is a subword of fj,\ . . . /i„ and hence l/lf* < \ f M (o-)\, 
as required. □ 

We need a few definitions related to the sequence (|42|l . Denote by Mj the set 
of variables in the equation LI j. Variables from LI^ are called initial variables. A 
variable /i from Mj is called essential if it occurs in some /m^, (f) with I/m^ ^ 2, 
such occurrence of /x is called essential. By n^j we denote the total number of all 
essential occurrences of /i in . Then 
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is the total number of all essential occurrences of variables from Mj in Llj . 
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Claim 7. If I < j < L then S(Uj) sC 2S(U L ). 

Proof. Recall, that every variable p, in Mj either belongs to Mj+i or it is 
replaced in Mj + i by the set of new variables (see definition of the function f*^, 
above). We refer to variables from as to children of p. A given occurrence of p in 
some /m 3+ i(c), a G £j+i, is called a side occurrence if it is either the first variable 
or the last variable (or both) in fM j+1 {o~)- Now we formulate several properties of 
variables from the sequence l|42[l which come directly from the construction. Let 
/i G Mj. Then the following conditions hold: 

(1) every child of \i occurs only as a side variable in IIj+i; 

(2) every side variable p has at most one essential child, say //*. Moreover, in 
this event n^j+i ^ n v,f> 

(3) every initial variable p, has at most two essential children, say /ii e ft and 

Mright ■ 

Moreover, in this case n WeftJ - + i + n Mright J+ i < 2n M . 
Now the claim follows from the properties listed above. Indeed, every initial variable 
from LTj doubles, at most, the number of essential occurrences of its children in the 
next equation Ihy+i, but all other variables (not the initial ones) do not increase 
this number. □ 

Denote by width(U) the width of II which is defined as 

width(H) = max £^(11). 

i 

Claim 8. For every 1 s$ j ^ L width(ILj) ^ 2S(U L ) 

PROOF. It follows directly from Claim □ 

Denote by k(U) the number of all (length(H) — l)-tuples of non-negative integers 
which are bounded by 2S(Hl)- 

Claim 9. Comp(Il L ) = Comp(Tlc)- 

Proof. The complexity Comp(IIi) depends only on the function Jm in Hl- 
Recall that 11^= il^ is obtained from the cut equation II £ by changing only the 
labelling function fx, so IDj and II £ have the same functions fu, hence the same 
complexities. □ 

We say that a T-sequence has 3K -stabilization at K (r+2) , where 2 ^ r ^ L/K, 

if 

Comp(n K{r+2) ) = ... = Comp(n K{r _ 1} ). 

In this event we denote 

K = K(r + 2), Ki = K(r+l), K 2 = Kr, K 3 = K(r-l). 

For the cut equation 11^ by Mve rys hort we denote the subset of variables from 
NHJIkx) which occur unchanged in Hk 2 and are short in ILk 2 - 

Claim 10. For a given T-cut equation II and a positive integer ro ^ 2 if L ^ 
Krg + k{)1)AK then for some r ^ ro either the sequence l|42|) has 3K -stabilization 
at K(r + 2) or Comp(n^( r+1 )) = 0. 

Proof. Indeed, the claim follows by the "pigeon hole" principle from Claims 
Eland|Hland the fact that there are not more than k(II) distinct complexities which 
are less or equal to Comp(H). □ 
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Now we define a special set of solutions of the equation S(X) — 1. Let L = 
4K + k(H)4:K, p be a fixed TV-large tuple from f$ L ~ 4K ; q be an arbitrary fixed 
TV-large tuple from N 2K , and p* be an arbitrary TV-large tuple from N 2K . In fact, 
we need iV-largeness of p* and q only to formally satisfy the conditions of the claims 
above. Put 

B p ,g,p = {<f>L-4K,pfaK,p*foK,qP I P* € N 2K ,pp*q G 7>} . 

It follows from Theorem 15 . 31 that S Pl g l( g is a discriminating family of solutions 
of S{X) = 1. 

Denote /3 q = 4>2K,q ° P- Then /3 g is a solution of S(X) = 1 in general position 

and 

B q ,p = {<hK, P *0 q \p* eN 2K } 

is also a discriminating family by Theorem 15. 31 
Let 

B = {i/JKx = <f>K(r-2),p'<f>2K,p*hK, q f3 | P* G N 2K }, 

where p' is a beginning of p. 

PROPOSITION 7.8. Let L = 2K + k(U)4K and 4> L £ B PA ^. Suppose the T- 
sequence of cut equations (I42|) has 3K -stabilization at K(r + 2),r 2. TTien i/ie 
set of variables M of the cut equation H-K(r+l) can be partitioned into three disjoint 
subsets 

M = Afvcryshort U Mf ree U -M use i ess 

for which the following holds: 

(1) there exists a finite system of equations A(JVf ve ryshort) — 1 over F which 
has a solution in F; 

(2) for every p £ M usc i css there exists a word £ F[X U M frcc U M verys hort] 
which does not depend on tuples p* and q; 

(3) for every solution 5 £ B, for every map cif rcc : Mf ree — > F, and every 
solution a s : F[M verys hort] — > F of the system A(M verysri ort) = 1 the map 
a : F[M] — ► F defined by 

( ^ if [l£ M^; 

A*" = < A*"" */M 6 Afvcryshort; 

I V^, M f ^ r , AC ryshort ) i/ M G M UBolo8S . 

is a group solution of HkIt+x) with respect to [3. 

Proof. Below we describe (in a series of claims 111122(1 some properties of 
partitions of intervals of cut equations from the sequence (|42l) : 

T T T 

Fix an arbitrary integer s such that K\ ^ s JlV 

Claim 11. Let /m(c) = A*i • •• Mfc &e a partition of an interval a of rank s in 
Tl s . Then: 

(1) £/ie variables p2, ■ ■ ■ , Mfe— l are fen/ short; 

(2) either p\ or pk, or both, are long variables. 
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PROOF. Indeed, if any of the variables /i2, ■ ■ ■ , Mfc-i is long then the interval 
a of II S is replaced in T(H S ) by a set of intervals E a such that |/m(#)| < |/m(c)| 
for every S G E a . This implies that complexity of T(II S ) is smaller than of IT S - 
contradiction. On the other hand, since a is a partition of rank s some variables 
must be long - hence the result. □ 

Let /m(c) = Ml • • • Mfc be a partition of an interval a of rank s in n s . Then the 
variables /ii and fik are called side variables. 

Claim 12. Let fu (c) = /ii .. . Mfe &e a partition of an interval a of rank s in 
LT S . TTien i/izs partition will induce a partition of the form M1M2 ■ ■ ■ Mfe-iMfe 0/ some 
interval in rank s — 1 in II s _i suc/i £/iaf i/ Ml * s s/iorf m ronfc s £/ien = Ml> */ 
/ii is Zong m LT S then fi[ is a new variable which does not appear in the previous 
ranks. Similar conditions hold for 

Proof. Indeed, this follows from the construction of the transformation T. □ 

Claim 13. Let o~\ and 02 be two intervals of ranks s in Tl s such that fx{o~i) = 
fx (0-2) and 

/m(o"i) = ^1^2 • • -fk, /a/(o- 2 ) = MiA 2 ... A/. 
Then for any solution a of IL S one has 

v k - v k-\ ■■■ v 2 A 2 ■ ■ • A z-i A ; 
i.e, v% can be expressed via Xf and a product of images of short variables. 

Claim 14. Let /m(c) = Mi •• - Mfc be a partition of an interval a of rank s in 
H s . Then for any u G XL)E(m, n) the word [i^ ■ ■ ■ Mfc-i does not contain a subword 

of the type Ci(M u Kl )^C2, where ci,C2 G Cp, and M^ Kl is the middle of u with 
respect to 4>Ki ■ 

PROOF. By Corollarv l4 . 2 2l everv word Mu Kl contains a big power (greater than 
(I + 2)Nu s ) of a period in rank strictly greater than K2- Therefore, if (M^ 1 )^ 
occurs in the word M2 • • ■ Mfe-i then some of the variables /Z2, ■ ■ ■ , Mfe-i are n °t short 
in some rank greater than K% - contradiction. □ 

Claim 15. Let a be an interval in IT^ and 4>Ki — 4>Kx,p- Then fx{o~) = W& 
written in the form 

W a = , 

and the following holds: 

(1) the word w can be uniquely written as w = vi . . . v e , where Vi,...v e G 
X ±x UEfm,!!^ 1 , and ViV i+1 £ E(m, n)^ 1 . 

(2) w is either a subword of a word from the list in Lemma \4-lb\ or there 
exists i such that v\ ■ ■ ■ Vi, Vi+\ ■ ■ ■ v e are subwords of words from the list 
in Lemma \4.26] Ln addition, (viVi+\)^ K = vf K ooffj. 

(3) if w is a subword of a word from the list in Lemma \4-lb\ then at most 
for two indices i,j elements Vi,Vj belong to E(m,n) ±1 , and, in this case 
j = i + l. 

Proof. The fact that W a can be written in such a form follows from Claim 
0]for r = K. Indeed, by Claim 01 W a = w^ Kl , where w G Wt,l, therefore it is 
either a subword of a word from the list in Lemma 14.161 or contains a subword from 
the set Exc from Lemma 14.261 It can contain only one such subword, because two 
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such subwords of a word from X^ L are separated by big (unbounded) powers of 
elementary periods. The uniqueness of it) in the first statement follows from the fact 
that <j>K-L,p' is an automorphism. Obviously, w does not depend on p. Property (3) 
follows from the comparison of the set E(m, n) with the list from Lemma 14.161 □ 

We say that the decomposition w = v\ ■ ■ • v e , above is the canonical decompo- 
sition of w and (v\ . . . v s )^ Kl is a canonical decomposition of w^ Kl . 

Claim 16. Let IIk 1 = (£, fx, /m) md /i G M be a long variable (in rank Ki) 
such that /m(S) (J- for any 8 G £. If fx occurs as the left variable in /a/(c) for 
some 8 G £ then it does not occur as the right variable in /m(^) for any 8 G £ 
(however, pT 1 can occur as the right variable). Similarly, If fi occurs as the right 
variable in /m(c) then it does not occur as the right variable in any fu{8). 

Proof. Notice, that in this case if p,\ is not a single variable, it cannot be a 
right side variable of /m(o') for some interval a. Indeed, suppose W s ends with 
H\. If vi e ft 7^ z i,Vn^ ) W a begins with a big power of some period A* 13 , j > K 2, 
therefore fii begins with this big power, and the complexity of a would decrease 
when we apply T to the cut equation in rank j. If w; e /t = z%, (J-i cannot be the right 
side variable, because cf can occur only in the beginning of labels of intervals. If 
v ieft = Vn 1 ') then W s = • • ■ x" 1 oy" 1 , and the complexity would also decrease when 
T is applied in rank K2 + m + 4n — 4. □ 

Our next goal is to transform further the cut equation Hk ± to the form where 
all intervals are labelled by elements x^ K i , x G (X UE(m,)i)) ±1 . To this end we 
introduce several new transformations of T-cut equations. 

Let IT = (£, fx, /m) be a T-cut equation in rank K\ and size I with a solution 
a : F[M] -> F relative to (3 : F[X] -> F. Let a G £ and 

W CT = («i-"0^, e>2, 

be the canonical decomposition of W a . For i, 1 < i < e, put 

V a ,i,left =Vl---Vi, V a ,i,right = ' " V e . 

Let, as usual, 

/m(o) = Mi ' ' -R- 

We start with a transformation T\ i e ff For a £ £ and 1 < i < e denote by 
# the boundary between v^^f^ and v^* 1 ^ hi in the reduced form of the product 

v t'i 1 ieft v t I i 1 righf Suppose now that there exist a and i such that the following two 
conditions hold: 

CI) fx" almost contains the beginning of the word u <r '^j e * t till the boundary 9 
(up to a very short end of it), i.e., there are elements Ui, 112,113,114 G F 
such that vJl\ e f t — u\ o m 2 W3, = u^ 1 o m 4 , U1M2M4 =Miou 2 o U4, 

and /z" begins with ui, and u 2 is very short (does not contain A^ 2 ) or 
trivial. 

C2) the boundary does not lie inside /xf . 

In this event the transformation Tij e f t is applicable to IT as described below. 
We consider three cases with respect to the location of on /m(c)- 
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Case 1) 9 is inside (see Fig. 0}. In this case we perform the following: 

a) Replace the interval a by two new intervals (j\ , (T2 with the labels 

4>K± 4>K X 

b) Put /m(ci) = Mi ■ ■ ■ Hk-iXv, /m(ct2) = u n' k) where A is a new 
very short variable, v is a new variable. 

c) Replace everywhere /i£ by Xfi' k . This finishes the description of the 
cut equation Ti^e/^n). 

d) Define a solution a* (with respect to /3) oiTi : i e ft(H) in the natural 
way. Namely, a*((i) = a(fj,) for all variables fi which came unchanged from 
II. The values A" , , v a are defined in the natural way, that is 

is the whole end part of after the boundary 9, (^™Vfc)" = ^Tright' 
A«*= M ?0*'fc)- 1 . 

Case 2) is on the boundary between and for some j. In this case we 

perform the following: 

a) We split the interval a into two new intervals o\ and 02 with labels 

b) We introduce a new variable A and put /m(°i) — Hi ■ ■ ■ ^jX, 
/wC^a) = A _1 /Zj+i • • -A*fe- 

c) Define A" naturally. 

Case 3) The boundary is contained inside /xf for some i(2 < i < r — 1). In this 
case we do the following: 

a) We split the interval a into two intervals cti and 02 with labels 

%/t and ^righv respectively. 

b) Then we introduce three new variables /^-,/i",A, where A^Mj' are 
"very short", and add equation fj,j = H-'j^" to the system A verys hort- 

c) We define /m(cti) = /zi • • ■ ^ A, /m(ct 2 ) = A _1 /i"/-ti+i • • • A*fe- 

d) Define values of a* on the new variables naturally. Namely, put A a 
to be equal to the terminal segment of vfjj^ that cancels in the product 

w te/t^ W CT^,right- Now the values and are defined to satisfy the 

equalities 

fx(<Jif = fM^r'jxiazf = f M (<T 2 ) a *. 
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We described the transformation 7i,z e /t. The transformation T\^ T i g ht is defined 
similarly. We denote both of them by Ti. 

Now we describe a transformation T^^ft- 

Suppose again that a cut equation II satisfies CI). Assume in addition that for 
these a and i the following condition holds: 

C3) the boundary lies inside Hi- 

Assume also that one of the following three conditions holds: 

C4) there are no intervals 6 ^ a in II such that Jm{5) begins with hi or ends 
on Hi 1 ; 

C5) Va-,i,ieft 7^ x n (i.e., either i > 1 or i = 1 but v\ ^ x n ) and for every 
5 £ £ in II if Jm(S) begins with \x\ (or ends on ^^f 1 ) then the canonical 
decomposition of fx{5) begins with v^1\ e j t (ends with v a ^f^ t ); 

C6) v a ,ij e f t = x n (i = 1 and v\ = x n ) and for every 8 € £ if /m(^) begins 
with hi (ends with Hi ) then the canonical decomposition of fx($) begins 
with x n Kl or with yt, Kl (ends with x n Kl or y n Kl ), 

In this event the transformation Ta.ie/* is applicable to II as described below. 
Case C4) Suppose the condition C4) holds. In this case we do the following. 

a) Replace a by two new intervals ai , a 2 with the labels u (T ^; e « , v J^right 

b) Replace Hi with two new variables Hi > Ml anc ^ P u ^ /m (fi ) = Z-t'i, 
/m(ct 2 ) = • ■ -Mk- 

c) Define (//J"* and such that f M {°i) a ' = uj£,f /t and/ w (tr 2 )°* 

Case C5) Suppose w; e /t 7^ x„. Then do the following. 

a) Transform a as described in C4). 

b) If for some interval 6 7^ a the word /m(<5) begins with hi then 
replace Hi m /m(^) by the variable h'i and replace fx (8) by u ff 4 i^f t fx(8). 
Similarly transform intervals 6 that end with Hi ■ 

Case C6) Suppose vi e ft — x n . Then do the following. 

a) Transform a as described in C4). 

b) If for some 5 the word /m(<5) begins with hi and fx{8) does not 
begin with y n then transform 5 as described in Case C5). 

c) Leave all other intervals unchanged. 

We described the transformation T^.ie/t- The transformation T^^ight is defined 
similarly. We denote both of them by T 2 . 

Suppose now that II = YVk 1 ■ Observe that the transformations Ti and T2 
preserve the properties described in Claims EH§| above. Moreover, for the homo- 
morphism (3 : F[X] — > F we have constructed a solution a* : F[M] — > F of T Tl (nj t - 1 ) 
(n = 2, 3) such that the initial solution a can be reconstructed from a* and the 
equations II and T n (II) . Notice also that the length of the elements W„< correspond- 
ing to new intervals a are shorter than the length of the words W a of the original 
intervals a from which a' were obtained. Notice also that the transformations Ti, T2 
preserves the property of intervals formulated in the Claim ITT1 



Claim 17. LetH be a cut equation which satisfies the conclusion of the Claim \TH 
Suppose a is an interval in H such that W„ satisfies the conclusion of Claim TTh\ If 
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for some i 

then either T± or T2 is applicable to given a and i. 

PROOF. By Corollarv l4.36l thc automorphism <j>K 1 satisfies the Nielsen property 
with respect to Wr with exceptions E(m,n). By Corollary 12, equality 

( Vl ...V e f'< = («!...«()** o{v. l+1 ...V e f K 

implies that the element that is cancelled between (v\ . . . Vi)^ K ^ and (Uj+i . . . v e )^ K ^ 
is short in rank K^. Therefore either /x" almost contains (vi . . . Vi)^ K ^ or fx? almost 
contains (vi+i . . . v e )^ K f i . Suppose /j.± almost contains (vi . . . Vi)^ Kl3 . Either we can 
apply Tij e ft, or the boundary 9 belongs to [if. One can verify using formulas from 
Lemmas 14 . 614 . 91 and 14 . 2 II directly that in this case one of the conditions C4) — C6) 
is satisfied, and, therefore T^ze/t can be applied. □ 

Lemma 7.9. Given a cut equation LT^ one can effectively find a finite sequence 
of transformations Q±, . . . , Q s where Qi £ {T±, T2} such that for every interval a of 
the cut equation lT^ = Q s . . . Qi(n^ 1 ) the label fx(o~) is of the form u^ Kl , where 
u £ X ±x l)E(m,n). 

Moreover, there exists an infinite subset P' of the solution set P of TS-Kt such 
that this sequence is the same for any solution in P' . 

Proof. Let a be an interval of the equation LT^. By Claim IT51 the word W a 
can be uniquely written in the canonical decomposition form 

W a = = (vi . . . v e f K ^ , 

so that the conditions 1), 2), 3) of Claim El ar e satisfied. 

It follows from the construction of 11^ that either w is a subword of a word 
between two elementary squares x ^ ci or begins and (or) ends with some power 
> 2 of an elementary period. If u is an elementary period, u 2 ^ K = u^ K ou^ K , except 
u = x n , when the middle is exhibited in the proof of Lemma |4. 211 Therefore, by 
Claim ITTI we can apply T\ and T2 and cut a into subintervals o~i such that for any 
i does not contain powers > 2 of elementary periods. All possible values of 

u <pk f or u g E(m, n) ±x are shown in the proof of Lemma r4.21l Applying T\ and T2 
as in Claim El we can split intervals (and their labels) into parts with labels of the 
form x^ K ^ , x £ (X U E(m, n)), except for the following cases: 

1. w = uv, where u is x\, i < n, v £ E m . n , and v has at least three letters, 

2. W = X^ l _2yn~2X n _iX n X n -iy n _2 X n-2i 

3. w — x n _ 1 y n -\x n x n -iy n _ 2 x n _ 2 -, 

4. yr-tx'iy- 1 , r < n, 

5. w = uv, where u = (c^c^ 2 ) 2 , v £ E{m, n), and v is one of the following: v = 

nr=i c?xf\ v = nr=i ^^f 1 nU ^ - = nZi <?*i nU <h*{<?<$)-\ 

6. w = uv 1 where u — (cf 1 ^ 2 ) , v € _E(m,n), and v is one of the following: 

nm z+ — 1 —1 l r TYl zt — 1 — 1 

t =\<h X\ X 2 0r V = Ut=l C t X l Vl ■ 

7. w = ZiV. 

Consider the first case. If /m(c) = Ml " ' ' Mfc> an d Mi almost contains 

x i \^-m+4i+K 2 ) X i+1 
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(which is a non-cancelled initial peace of x\ Kx up to a very short part of it), then 
either T\ i e ft or X^jeft is applicable and we split a into two intervals o~\ and ct 2 with 

labels x^ Kl and t>^ K i . 

Suppose Hi does not contain xf Kl {A^ n+ii+K2 )~ Pm + ii+K 2 +1 up to a very 

short part. Then contains the non-cancelled left end E of v^ K+l13 , and fi^E -1 
is not very short. In this case T 2i ri g ht is applicable. 

We can similarly consider all Cases 2-6. 

Case 7. Letter Zi can appear only in the beginning of w (if z^ 1 appears at the 
end of w, we can replace w by w~ 1 ) If w = z%t\ ■ ■ -t s is the canonical decomposition, 
then tk — c^ Zj for each k. If fj," is longer than the non-cancelled part of (c?Zi)P, or 
the difference between /if and {c^Zi)^ is very short, we can split a into two parts, 
cri with label f x {a 1 ) = z**i and ct 2 with label fxfa) = (ti... t s Y K i . 

If the difference between /j," and (cfzi)@ is not very short, and /i" is shorter 
than the non-cancelled part of (cf Zi)", then there is no interval 5 with f(6) ^ f(a) 
such that fni{S) and /m(o") end with /ifc, and we can split er into two parts using 
Ti, T2 and splitting /ifc. 

We have considered all possible cases. □ 

Denote the resulting cut equation by 11^- . 

Corollary 7.10. The intervals ofH' K are labelled by elements ti^ K i, where 
for n = 1 

1 

u 6 {z l7 ^, y,, J|c^ s , xi Y[ Ct z \} 

t—m 

for n = 2 

1 m 1 m 

u£ Xi, y i; J|cf , yixi Y[ ci z \ yixi, xi J| c t ~ Zt , c^xi" 1 ^ 1 , 

t—m t— 1 t—m t—1 

m m 1 11 

^[cj'a;^ 1 ^^!, JJc^xj" 1 :^! c^**, x^ 1 x 2 xi cp*, ir 2 xi c t ~ 2t , 

t—1 t—1 t—m t—m t—m 

and /or n > 3 . 

3 m 1 



6 {Zi, Xi, J/i, C^ s , yxXl Y[ C t Zt , Y[ C T X 1 1 X 2 1 , VrX r , Xi JJ 



-zt 
t ' 



{=1 



y r — 2X r _iX r , ?/ r — 2^V— 1) ^- r _i^ r 1 yr—\x r , r < 71, x n _^X n X n _i, 
yn~lX n _y£, n X n ^\y n _2-, Un — 2X n _iX n , X n _ 1 X„, X„X„_i, 

yn—ix n x n ~iy n _2, y-n-\x n ,y r -ix r y r }. 
Proof. Direct inspection from Lemma 17^1 □ 

Below we suppose n > 0. We still want to reduce the variety of possible labels 
of intervals in II^- ■ We cannot apply T\ , T 2 to some of the intervals labelled by 
, x £ X U E(m,n), because there are some cases when x^ K ^ is completely 
cancelled in y^ K i , x, y E (X U £(m, n)) ±l . 
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We will change the basis of F(X U Cs), and then apply transformations Tt, T2 
to the labels written in the new basis. Replace, first, the basis (X U Cs) by a new 
basis X U C5 obtained by replacing each variable x s by u s — x s y~\ for s > 1, and 
replacing x\ by u\ — x\c^ m . 

Consider the case n ^ 3. Then the labels of the intervals will be rewritten as 
u^ K 1 , where 

1 

ue{zi, Uiyi-i, yi, Y[c z /, yim Y[ c 7 Zj ' u i l yi lu 2 X i 

3 j—n—1 

1 

y r u r y r -x, u r , u~\y^\u^, u r y r -iu r -iy r -2, u 2 yiUi JJ_ C J Z * \ r < n; 

j=n-l 

yn-2 u n-l u nyn-l u n-iy n -2, %_i*M/n-lUn-l , U^-lU n y n -l, 

K-lVn-^n 1 ^ Vn-2 U n-l U nVn-l, U n y n -lU n -iy n -2, U^Un-l, Vm } ■ 

In the cases n = 1,2 some of the labels above do not appear, some coincide. 
Notice, that x^ K = °y„*xi an d that the first letter of 2/n!-i is n °t cancelled in the 
products (y n -ix n -iy~^ 2 )^ K > (yn-i^n-i)^ (see Lemma 14. 8|l . Therefore, applying 
transformations similar to T\ and T2 to the cut equation Tl' Ki with labels written 
in the basis X, we can split all the intervals with labels containing (u n y n -i)^ K i 
into two parts and obtain a cut equation with the same properties and intervals 
labelled by u^ K ^ , where 

1 

ue{z { , Uiyi-i, y^ JJcf s , y x ui Y[ c j Z \ u i 1 Vi 1 U2 1 , 

s j—n—1 

1 

y r u r y r -i,u r , u~\y~\u~ x ,u r y r -iu r - X y r -2, u 2 y\Ux cj* 3 , r < n; 

j=n—l 

Un-2 u n-l u n, Vn-lUn-lVn-i , u n-l u n, Vn-lU n -l, «n}- 

Consider for i < n the expression for 



KUiUi) — A m+ H ° ^+1 A m +4i-4 

Formula 3. a) from Lemma f4 . 2 II shows that uf K is completely cancelled in the 
product y? K uf K . This implies that yf K = v? K o u r**. 
Consider also the product 

— d>K —4>k 

Vi-i u i 

( A ~ Pm+4i-4 + l - —1 / lP,n + 4i-4-l\ 

= ( A m+4i-4 X i yi-1 Xi A m+ii-4 ) 

( A-Pm + ii-4, + 1 _ / Pra+4i-3 \ p ra + 4i - 1 - 1 „Pm+4> - 3 -,.„- 1 A Pm + 4i - 1 \ 

I A m+U-4 X i ° l X i "i-l "•*) X i yi X i+l A m+4i J ' 

where the non-cancelled part is made bold. 

Notice that {y r -\u r -\)^ K yf^ 2 = {Vr-i u r-i)^ K ° vt-2> because uf^ is com- 
pletely cancelled in the product yf K uf K . 
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Therefore, we can again apply the transformations similar to T\ and T2 and 
split the intervals into the ones with labels vr Kl , where 

1 

U G {z s , Vi, Ui, Y[ C s S VrUr, VX^X JJ cj* 3 , U~\u n = U n , 
s j—m—X 

1 ^ i ^ n, 1 < j < m, 1 ^ r < n}. 

We change the basis again replacing y r , 1 < r < n by a new variable u r = y r u r , 
and replacing IIj=m-i c 7^ Ul " Then yf K = vf K o u~^ K , and yf J< = uf J< o 

c i' K oc m m -i (if n ^ 1). Formula 2.c) shows that uf t K = o 

Apply transformations similar to T\ and T2 to the intervals with labels written 
in the new basis 

X = {zj, m, Vi, y n , u n = u n -iu n , 1 j < m, 1 ^ i < n, j < to}, 
and obtain intervals with labels u^ K ^ , where 

u€XU{c%}. 

Denote the resulting cut equation by TLki = {£ , f x , ffij). Let a be the correspond- 
ing solution of with respect to (3. 

Denote by Mside the set of long variables in IIk 1 , then M = M V eryshort U M s idc- 
Define a binary relation ~i e ft on M^} as follows. For Ml, Mi £ M~r} put 
Mi ~ieft Mi ^ an d on iy if there exist two intervals a, a' EE with fx{ a ) — fx( a ') 
such that 

fa ( CT ) = M1M2 • • • Mr, /mV) = M1M2 • • • /V 
and either ^ r = fi' r , or \i r ,[i! r , £ M verys hort- Observe that if /zi ~i e ft Mi then 

Ml = /liAi • ■ • A t 
for some Ai, . . . , A t G M±J yshort . Notice, that fi ~i eft fi. 

Similarly, we define a binary relation ~ r ight on M^ e . For Mr, Mr' £ -M^de P u ^ 
Mr ^right Mr' if an0 - only if there exist two intervals a, a' G £ with fx(&) = fx( a ') 
such that 

/m ( ct ) = M1M2 • • ■ Mr, /m(ct') = M1M2 • ■ • Mr' 
and either ^i = p! x or Mi>m'i G ^vcryshort- Again, if ju r ~ rig ht M r ' tlicn 

/i r = Al . . . A(/i r / 

for some A 1( . . . , A t G M±J yshort . 

Denote by ~ the transitive closure of 

{(M,mO I M ~left m'} U {(m,mO I M ~right m'} U {(m,M _1 ) I M G ^ s fd e }- 

Clearly, ~ is an equivalence relation on . Moreover, fj, ~ /i' if and only if there 
exists a sequence of variables 

(43) fx = fj, , fix, . . . , fx k = m' 

from Mgfjg such that either ^i-i = ^i, or = fi^ 1 , or /Xj_! — loft fa, or 

~ r ight Mi f° r i = 1, Observe that if fa-x and /Zj from (|43|) are side 
variables of "different sides" (one is on the left, and the other is on the right) then 
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Hi = This implies that replacing in the sequence (|43|l some elements \ii with 

their inverses one can get a new sequence 

(44) fi = uo,Ui,..., v k = (n') £ 

for some s G {1, —1} where Vi—\ ~ Vi and all the variables Vi are of the same side. 
It follows that if [i is a left-side variable and fx ~ // then 

(45) (//) e = Mi • • • A t 

for some A, G M±J yshort . 

It follows from 1|45[) that for a variable v G Mirf all variables from the equiva- 
lence class [^] of v can be expressed via v and very short variables from M verys h rt- 
So if we fix a system of representatives R of M^c relative to ~ then all other vari- 
ables from Mgjde can be expressed as in (14511 via variables from R and very short 
variables. 

This allows one to introduce a new transformation T3 of cut equations. Namely, 
if a set of representatives R is fixed then using l|45(l replace every variable v in 
every word /m(c) of a cut equation II by its expression via the corresponding 
representative variable from R and a product of very short variables. 

Now we repeatedly apply the transformation T3 till the equivalence relations 
~iett and ~ r ight become trivial. This process stops in finitely many steps since the 
non-trivial relations decrease the number of side variables. 

Denote the resulting equation again by IL^ ■ 

Now we introduce an equivalence relation on partitions of lixj • Two partitions 
/m(c) and f M {6) are equivalent (/j\/(cr) ~ /m(#)) if fx(<r) = fx (5) and either the 
left side variables or the right side variables of /m(c) and /m(<5) are equivalent. 
Observe, that /x(c) = fx (8) implies /a/(ct) q = /m(<5)", so in this case the parti- 
tions /m(c) and /m(5) cannot begin with \i and correspondingly. It follows 
that if /m(c) ~ fu{8) then the left side variables and, correspondingly, the right 
side variables of /m(ct) and /m(<5) (if they exist) are equal. Therefore, the relation 
~ is, indeed, an equivalence relation on the set of partitions of IVkx ■ 

If an equivalence class of partitions contains two distinct elements /m(c) and 
fu{8) then the equality 

f M (<j) a = f M (ST 

implies the corresponding equation on the variables M V eryshort) which is obtained by 
deleting all side variables (which are equal) from /m(c) and /m(<5) and equalizing 
the resulting words in very short variables. Denote by A(M verys hort) = 1 this 
system. 

Now we describe a transformation T4. Fix a set of representatives R p of parti- 
tions of f\-Kx with respect to the equivalence relation ~. For a given class of equiva- 
lent partitions we take as a representative an interval a with /m(c) = (J,\ e ft ■ ■ ■ fright- 
Below we say that /i Q almost contains u* 3 if /i Q contains a subword which is the 
reduced form of ciu^C2 for some c\,c% G (7g. 

Principal variables A long variable /Ui e ft or flight for the interval a which 
represents a class of equivalent partitions is called principal in a in the following 
cases. 
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1) Let fx(c) — Ui (i ^ n), where Ui — Xiy i _ 1 for i > 1 and u\ = xic m Zm for 
m/0. Then (see Lemma f4.21|) 

_ A*~qA+l „<PK 2 -<pK 2 ~qi<pK 2 

a i — I± K 2 +m+4i- L i+l Vi x i 



■ -<t>i<2 A*qa A *{-q 2 + l) 4>K 2 -qi<t>K 2 \ q3 1 . ,,, 

x i ^ L K 2 +m+4i-4 J ~ 1 K 2 +m+4i-2yi x i J Ii K 2 +m+4i-4- 



A right variable /x r i g ht is principal in a if /^" ight almost contains a cyclically 
reduced part of 

( ~^K 2 ,*q {3 A*(-q2+l)0 4>K 2 -qi4>K 2 \ q 

y^i J ^K 2 +m+4i-4^ L m+4i-2 Hi x i J 

= (x? 1 i/ i )^(< +m+ 4i-i)- , (yr 1 xr ,1 )^ a , 

for some q > 2. If /i r i g ht is not principal, thenwe define fj,\ c ft as principal. 

2) Let = v u where ^ = y^H (i ^ l,n) and u x = yxUt Ilj=m-i 

Then (see formula 3. a) from Lemma r4.21[) 



j=m— 1 j 



_ /)*(-94 + l) 0K 2 A*(-9o) Ql<t>K 2 4>K 2 A *(q2-1) A*-l 

v i — Ii K 2 +m+4i lh i+l I± K 2 +m+4i-4 x i Ui Ii K 2 +m+4i-2- t± K 2 +m+4i-4i 

if i 7^ 1, and 

,,^1 _ 4*(-94 + l) 0ff 2 4*(-9o) 9l<f>K 3 4>K a J*(«3-l) TTl -*i 

if i= 1. 

A side variable bright or /ii c f t is principal if bright (correspondingly, /i£ ft ) almost 
contains (^ 2 +m+4i)~ 9 ' for some 9 > 2 - 

3) Let /x(°") = W n . Formula 3.c) from Lemma l4.21l gives ut Kl = +TO+ 4 n _g 

^K 2 +m+4n-6Vyn-l x n J - t± K 2 +m+in-S V A n i/"/ 1 - t± K 2 +m+in-2- tl K 2 +m+in-A- 

A side variable /i r i g ht or /zi e f t is principal if /i" ight (correspondingly, /^ ft ) almost 
contains (^ 2+m+4n _ 2 ) 9 , g > 2. 

4) Let = y n . A side variable ^ right or /j, left is principal if /ig gtt (/u£ ft ) 
almost contains {A l3 K2+m+4n _ 1 ) q , 2g > p Kl - 2. 

5) Let fx{cr) — Zj, j = 1, . . . ,m — 1. Then (by Lemma r4.6[) 

Z j ~ C 3 Z 3 A K 2 +j-l C j+l ^K 2 +j ■ 

A variable /z le ft (Mright) is principal if ^"i g ht (correspondingly, /xj ft ) almost con- 
tains (^K 2 +j) q i f° r some |g| > 2. Both left and right side variables can be simulta- 
neously principal. 

u) L,ez jx(&) — z m . men z m — c m z m A K 2 +m~\ x \ A K 2 +m- 
In this case /xi e ft is principal in er if and only if jj,\ e n is long (i.e., it is not very 
short), and we define /z r i g ht to be always non- principal. Observe that if /xi e ft is very 

short then At" ight = fzt? 1 ^ for a very short / 6 F. 



Let f x (a) = z-}c m z m . By Lemma WMfx^)^ = A*~ 2 P ™+ 1 x{ K * A*£? 



2+m- 
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The variable /Lti e ft is principal in a if and only if the following two conditions 
hold: /ij" ft almost contains {A^ K2+m ) q , for some q with \q\ > 2; ^ fzt? 1 ^ for a 
very short / G F. 

Similarly, the variable /z r i g ht is principal in a if and only if the following two 
conditions hold: ^" ight almost contains {A^- 2+m ) q , for some q with \q\ > 2; bright ^ 

fzt? 1 ^ for a very short / £ F. 

Observe, that in this case the variables /zi e ft and /x r i g ht can be simultaneously 
principal in a and non-principal in a. The latter happens if and only if At^ght = 

fizt? 1 ^ and /ig ft = Zm^ Kl/3 /2 for some very short elements /i,/2 S F. Therefore, 
if both /Uieft and fright are non-principal then they can be expressed in terms of 
zl" 1 and very short variables. 

Claim 18. Every partition has at least one principal variable, unless this par- 
tition is of that particular type from Case 6). 

Claim 19. If both side variables of a partition oftlK 1 are non-principal, then 
they are non-principal in every partition of U.k 1 ■ 

Claim 20. Let n ^ 0. Then a side variable can be principal only in one class 
of equivalent partitions. 

PROOF. Follows from the definition of principal variables. □ 

For the cut equation fl Kl we construct a finite graph T = (V, E). Every vertex 
from V is marked by variables from M^ c and letters from the alphabet {P, N}. 
Every edge from E is colored either as red or blue. The graph T is constructed 
as follows. Every partition /m(c) = Mi ■ ■ ■ Mfc °f Ajfi gives two vertices v CT ,i e ft and 

V a , right mtO T, SO 

V = lJ{<V,left, fright}- 

(7 

We mark u<7,ieft by /ii and upright by fik- Now we mark the vertex iv.icft by a letter 
P or letter if fi\ is correspondingly principal or non-principal in a. Similarly, we 
mark v^right by P or if jik is principal or non-principal in a. 

For every a the vertices v a .i e ft and v a , r i g ht are connected by a red edge. Also, 
we connect by a blue edge every pair of vertices which are marked by variables /Lt, v 
provided /i = v or /i = v~ l . This describes the graph V. 

Below we construct a new graph A which is obtained from T by deleting some 
blue edges according to the following procedure. Let B be a maximal connected 
blue component of T, i.e., a connected component of the graph obtained from T by 
deleting all red edges. Notice, that B is a complete graph, so every two vertices in 
B are connected by a blue edge. Fix a vertex v in B and consider the star-subgraph 
Stars of B generated by all edges adjacent to v. If B contains a vertex marked 
by P then we choose v with label P, otherwise v is an arbitrary vertex of B. Now, 
replace B in T by the graph Stars, i.e., delete all edges in B which are not adjacent 
to v. Repeat this procedure for every maximal blue component B of T. If the blue 
component corresponds to long bases of case 6) that are non-principal and equal 
to fizt? 1 fi for very short /i, / 2 , we remove all the blue edges that produce cycles 
if the red edge from T connecting non-principal /Lti e f t and /Wright is added to the 
component (if such a red edge exists). Denote the resulting graph by A. 

In the next claim we describe connected components of the graph A. 
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Claim 21. Let C be a connected component of A. Then one of the following 
holds: 

(1) there is a vertex in C marked by a variable which does not occur as a 
principal variable in any partition of 11^ . In particular, any component 
which satisfies one of the following conditions has such a vertex: 

a) there is a vertex in C marked by a variable which is a short variable 
in some partition of IVkx ■ 

b) there is a red edge in C with both endpoints marked by N (it corre- 
sponds to a partition described in Case 6 above); 

(2) both endpoints of every red edge in C are marked by P. In this case C is 
an isolated vertex; 

(3) there is a vertex in C marked by a variable fi and N and if /i occurs as a 
label of an endpoint of some red edge in C then the other endpoint of this 
edge is marked by P. 

Proof. Let C be a connected component of A. Observe first, that if fi is a 
short variable in II^i then /i is not principle in a for any interval a from IIr- 1 , so 
there is no vertex in C marked by both fi and P. Also, it follows from ClaimlTTilthat 
if there is a red edge e in C with both endpoints marked by N, then the variables 
assigned to endpoints of e are non-principle in any interval a of H^ • This proves 
the part "in particular" of 1). 

Now assume that the component C does not satisfy any of the conditions (1), 
(2). We need to show that C has type (3). It follows that every variable which 
occurs as a label of a vertex in C is long and it labels, at least, one vertex in C 
with label P. Moreover, there are non-principle occurrences of variables in C . 

We summarize some properties of C below: 

• There are no blue edges in A between vertices with labels N and N (by 
construction) . 

• There are no blue edges between vertices labelled by P and P (Claim HQ} . 

• There are no red edges in C between vertices labelled by N and N (oth- 
erwise 1) would hold). 

• Any reduced path in A consists of edges of alternating color (by construc- 
tion) . 

We claim that C is a tree. Let p = e\ . . . eu be a simple loop in C (every vertex 
in p has degree 2 and the terminal vertex of is equal to the starting point of e{). 

We show first that p does not have red edges with endpoints labelled by P and 
P. Indeed, suppose there exists such an edge in p. Taking cyclic permutation of p 
we may assume that e\ is a red edge with labels P and P. Then e^ goes from a 
vertex with label P to a vertex with label N. Hence the next red edge e% goes from 
N to P, etc. This shows that every blue edge along p goes from P to N. Hence 
the last edge which must be blue goes from P to N -contradiction, since all the 
labels of e% are P. 

It follows that both colors of edges and labels of vertices in p alternate. We 
may assume now that p starts with a vertex with label N and the first edge e\ is 
red. It follows that the end point of e\ is labelled by N and all blue edges go from 
N to P. Let ej be a blue edge from Vi to t>i+j.. Then the variable fa assign to 
the vertex Vi is principal in the partition associated with the red edge e<_i , and 
the variable /Zj+i = 1 associated with Vi+i is a non-principal side variable in the 
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partition /m(c) associated with the red edge ej+i. Therefore, the the side variable 
/j.i+2 associated with the end vertex Vi+2 is a principal side variable in the partition 
/m(c) associated with e^+i. It follows from the definition of principal variables 
that the length of nf +2 is much longer than the length of fJ,f +1 , unless the variable 
fj,i is described in the Case 1). However, in the letter case the variable fJ.i+2 cannot 
occur in any other partition /m (<5) for 5 ^= a. This shows that there no blue edges 
in A with endpoints labelled by such fJ.i+2 ■ This implies that v i + 2 has degree one in 
A - contradiction wit the choice of p. This shows that there are no vertices labelled 
by such variables described in Case 1). Notice also, that the length of variables 
(under a) is preserved along blue edges: |/Kf +1 | = K/^ 1 )"! = Therefore, 

= k a +il < Im? +2 | 

for every i. 

It follows that going along p the length of \nf\ increases, so p cannot be a loop. 
This implies that C is a tree. 

Now we are ready to show that the component C has type (3). Let [i\ be a 
variable assigned to some vertex v\ in C with label N. If pi satisfies the condition 
(3) then we are done. Otherwise, [i\ occurs as a label of one of P-endpoints, say i>2 
of a red edge e2 in C such that the other endpoint of e 2 , say ^3 is non-principal. Let 
H3 be the label of 1*3 . Thus v\ is connected to i>2 by a blue edge and V2 is connected 
to V3 by a red edge. If ^3 does not satisfy the condition (3) then we can repeat the 
process (with p3 in place of fi±). The graph C is finite, so in finitely many steps 
either we will find a variable that satisfies (3) or we will construct a closed reduced 
path in C . Since C is a tree the latter does not happen, therefore C satisfies (3), 
as required. 

□ 

Claim 22. The graph A is a forest, i.e., it is union of trees. 

PROOF. Let C be a connected component of A. If C has type (3) then it is 
a tree, as has been shown in Claim I2T1 If C of the type (2) then by Claim [2] C is 
an isolated vertex - hence a tree. If C is of the type (1) then C is a tree because 
each interval corresponding to this component has exactly one principal variable, 
and the same long variable cannot be principal in two different intervals. Although 
the same argument as in (3) also works here. 

□ 

Now we define the sets M use i ess , Mf roo and assign values to variables from 
M = Aidless U Mf ree U Mveryshort ■ To do this we use the structure of connected 
components of A. Observe first, that all occurrences of a given variable from M S id cs 
are located in the same connected component. 

Denote by M/ ree subset of M which consists of variables of the following types: 

(1) variables which do not occur as principal in any partition of (11^); 

(2) one (but not the other) of the variables [i and v if they are both principal 
side variables of a partition of the type l|2"TJ) and such that v ^ n~ x . 

Denote by M U scic SS = Msidc - M ilee . 

Claim 23. For every fj, G Af usc i css there exists a word 

Vfi G F[X U Mfree U M vcrysh ort] 



304 



O. KHARALMPOVICH AND A. G. MYASNIKOV 



such that for every map afree : Mf rcc — > F, and every solution 

a s : F[Af voryshort ] -> F 
of the system A(M vorys hort) = 1 the map a : F[jVf] — > F defined by 
M Qfro ° if /x £ M frcc ; 

M Qs */M S Mvoryshort; 

^(^.C°,C ys h„ rt ) G ^useless- 

is a group solution of Iix t with respect to (3. 

Proof. The claim follows from Claims |2"T1 and l2*2l Indeed, take as values of 
short variables an arbitrary solution a s of the system A(M verysrlort ) = 1. This sys- 
tem is obviously consistent, and we fix its solution. Consider connected components 
of type (1) in Claim |2~T1 If pL is a principal variable for some a in such a component, 
we express /i Q in terms of values of very short variables M V o rys hort and elements 
t^ Kl , t £ X that correspond to labels of the intervals. This expression does not 
depend on a s , (3 and tuples q,p*- For connected components of A of types (2) and 
(3) we express values /i a for /x £ M use i ess in terms of values v a , v £ Mf ree and t^ K ^ 
corresponding to the labels of the intervals. □ 

We can now finish the proof of Proposition 17.81 Observe, that Af vcr yshort G 
-^veryshort- If A is an additional very short variable from Af* eryshort that appears 
when transformation Ti or T 2 is performed, A Q can be expressed in terms M^, hort . 
Also, if a variable A belongs to Mf roo and does not belong to M, then there exists 
a variable \i £ M, such that fi a — u^ K i A", where u £ F(X, Cg), and we can place 

\X into Mf re e . 

Observe, that the argument above is based only on the tuple p, it does not 
depend on the tuples p* and q. Hence the words do not depend on p* and q. 

The Proposition is proved for n ^ 0. If n = 0, partitions of the intervals 
with labels z n ^_\ and z* Kl can have equivalent principal right variables, but in this 
case the left variables will be different and do not appear in other non-equivalent 
partitions. The connected component of A containing these partitions will have 
only four vertices one blue edge. 

In the case n = we transform equation Hki applying transformation Ti to 
the form when the intervals are labelled by ir K i , where 

c j Z m _i — Z m -1 \ 

If /xi e ft is very short for the interval S labelled by {zmC^™^ 1 )^ 1 *^ , we can apply 

4>K -Z 4 ' Kl 

Ti to 5, and split it into intervals with labels z m 1 and c^^ -1 . Indeed, even if we 
had to replace /i r i g ht by the product of two variables, the first of them would be 
very short. 

If /iieft is not very short for the interval S labelled by 

(7 r ~ Zm - 1 \<t>Ki — r ->*2 4*Pm-i-l 

we do not split the interval, and /xi e ft will be considered as the principal variable 
for it. If /iieft is not very short for the interval 5 labelled by zfa 1 = zt? 2 A^'"^ 1 , it 
is a principal variable, otherwise fright is principal. 
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If an interval 5 is labelled by {(^~\)^ Kl — ^*m-T~ 1+1 c rn m ^m-f 1 ' we con " 
sidcr fright principal if bright en ds with (c^ Zm 2 A^^ 2 ) 13 , and the difference is not 
very short. If (i" eft is almost z^ k/3 and /uj? ight is almost we do not call any of 

the side variables principal. In all other cases /ii c ft is principal. 

Definition of the principal variable in the interval with label zf Kl , i = 1, . . . , m— 
2 is the same as in 5) for n 0. 

A variable can be principal only in one class of equivalent partitions. All the 
rest of the proof is the same as for n > 0. 

□ 

Now we continue the proof of Theorem A. Let L = 2K + k(U)4K and 

n = n L ^n L _!^...^... 

be the sequence of T-cut equations (142(1 . For a T-cut equation IT, from (|42(1 by Mj 
and ay we denote the corresponding set of variables and the solution relative to (3. 

By Claim m the sequence (|42[1 either there is 3AT-stabilization at K(r + 2) 
or Comp(JlK(r+i)) = 0. 

Case 1. Suppose there is 3if-stabihzation at K (r + 2) in the sequence (I42|) . 

By Proposition 17.81 the set of variables -Mjf( r+1 ) of the cut equation IIx(r+i) 
can be partitioned into three subsets 

MK(r+l) = A^voryshort U Mf ree U M use i ess 

such that there exists a finite consistent system of equations A(M verys hort) = 1 
over F and words 6 F[X, Mf ree , M ver y short]) where fi 6 M use i ess , such that for 
every solution 5 G £>, for every map af ree : -Mfree —> F, and every solution a s hort '■ 
F[Mveryshort] -> F of the system A(M vorysho rt) = 1 the map a K(r+1) : F[M] -> F 
defined by 

( [l *-* if fiG Af froc 

f/XKir+l) = ) ^hort if M g M vcryshort 

{ v,(x s , JC.KUrt) if " e M ™*>» 

is a group solution of Iix{r+i) with respect to /3. Moreover, the words do not 
depend on tuples p* and q. 

By Claim[3]if n = (£, fx, /m) is a T-cut equation and \x e M then there exists 
a word M. tl {M T ^ 1 X) in the free group F[M T ^ U X] such that 

^=m»(m«^,x*«^) , 

where an and cnym) are the corresponding solutions of II and T(H) relative to (3. 

Now, going along the sequence (|42|) from Uxfr+i) back to the cut equation IIz, 
and using repeatedly the remark above for each /i S Ml we obtain a word 

M'^ L (M K{r+1) , X+xw) = M'^L (M U8eless , M fre e, M vcryshort , X^+d) 

such that 

Let (5 = 4>K(r+x) G S and put 
A^LpC^ 1 ') 

-^l fi,t\^l A > iW free > iW veryshort )' IVI hee ' JW veryshort ) A )■ 
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Then for every \i G Ml 

V aL = AI M , L (A^<"+ 1 >)' 3 
If we denote by A4l(X) a tuple of words 

M L (X) = (M^. L (X), M^ Ml1 , l (X)), 
where /ii, . . . , H\m l \ is some fixed ordering of Ml then 

M% L = X L (^ 0K<r+1) ) /3 - 

Observe, that the words A^ Mi l(X), hence A4l(X) (where X^ K <~ T + 1 ) is replaced by 
X) are the same for every 4>l £ &p,q- 

It follows from property c) of the cut equation II^ that the solution oll of II^ 
with respect to j3 gives rise to a group solution of the original cut equation Il£ with 
respect to 4>l oft. 

Now, property c) of the initial cut equation II^ = (£, fx, /m l ) insures that for 
every <f> L G B PA the pair (U$ L p, V^ L p) defined by 

U M = Q(M^) = Q{M L {X*«^)f , 

v fe/3 = p(m°*) = p(A4 l (a^+i>))' 3 . 

is a solution of the systemS'(X) = 1 A T(X, Y) = 1. 
We claim that 

Y(X)=P(M L (X)) 

is a solution of the equation T(X,Y) = 1 in Fr(s). By Theorem 15.31 E v „ a is a 
discriminating family of solutions for the group Fms) ■ Since 

T(X, Y(X))*P = T(X+P, Y(X*P)) = T(X+P, M L (X^)) = T{U^ lP , V^p) = 1 

for any <f)(3 G B P , q ,p we deduce that T(X, Y Ptq {X)) = 1 in F^gy 

Now we need to show that T(X, Y) = 1 admits a complete S'-lift. Let W(X, Y) ^ 
1 be an inequality such that T(X, Y) = 1 A W(X, Y) ^ 1 is compatible with 
S(X) = 1. In this event, one may assume (repeating the argument from the begin- 
ning of this section) that the set 

A={(Efy,V*) \ipe£ 2 } 

is such that every pair (U^,V^,) G A satisfies the formula T(X, Y) — lAW(X, Y) ^ 
1. In this case, W(X,Y pA (X)) ^ 1 in Fr(s), because its image in F is non-trivial: 

W(X,Y Piq (X))*f> = WiU^V^,) + 1. 

Hence T(X, Y) = 1 admits a complete lift into generic point of = 1. 

Case 2. A similar argument applies when Comp(n^( r+2 )) = 0. Indeed, in this 
case for every a € £ K (r+2) the word fM K{r+1) (c) has length one, so fM K{r+1) (cr) = M 
for some \i G M K ( r+2 ). Now one can replace the word G F[XUMf reE UM verys hort] 
by the label fx K(T+1) (c) where fM K{T+1) (p) = M an( i then repeat the argument. 

□ 
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8. Implicit function theorem for NTQ systems 

In this section we prove Theorems B, C, D from Introduction. 

We begin with the proof of Theorem B. To this end let U(X, A) — 1 be a 
regular NTQ-system and V(X, Y, A) — 1 an equation compatible with {7 = 1. We 
need to show that V(X, Y,A) = l admits a complete effective {/-lift. 

We use induction on the number n of levels in the system {7=1. We construct 
a solution tree T sol (V(X, Y, A) A U(X, Y)) with parameters X = X x U • • • U X n . In 
the terminal vertices of the tree there are generalized equations VL Vl , . . . , Q Vh which 
are equivalent to cut equations IL Ul , . . . , Ii Vk . 

If Si(X\, . . . ,X n ) = 1 is an empty equation, we can take Merzljakov's words 
(see Introduction ) as values of variables from X\ , express Y as functions in Xi and 
a solution of some VF(Yi, X 2 ,..., X n ) = 1 such that for any solution of the system 

S 2 (X 2 ,...,X n ,A) = 1 
S n (X n ,A) = 1 

equation W = 1 has a solution. 

Suppose, now that Si(Xi, . . . ,X n ) = 1 is a regular quadratic equation. Let 
r be a basic sequence of automorphisms for the equation S\(Xi, . . . , X n , A) = 1. 
Recall that 

&*=Tf -7f =?■, 
where j G PJ, Tj = (71, . . . , 7^) is the initial subsequence of length j of the sequence 
I^ 00 ), and p = (pi, . . . ,pj) GW . Denote by ipj. p the following solution of 
S 1 (X 1 ) = 1: 

where a is a composition of a solution of S\ = 1 in Gi and a solution from a generic 
family of solutions of the system 

S 2 (X 2 ,...,X n ,A) = 1 
S n (X n ,A) = 1 

in F(A). We can always suppose that a satisfies a small cancellation condition with 
respect to V. 
Set 

and let C a be an infinite subset of satisfying one of the cut equations above. 
Without loss of generality we can suppose it satisfies fli . By Proposition 17.81 
we can express variables from Y as functions of the set of T- words in Xj, coef- 
ficients, variables Mf ree and variables M verys i,ort) satisfying the system of equations 
A(M verys hort) The system A(M vorys hort) can be turned into a generalized equation 
with parameters X2 U • • • U X n , such that for any solution of the system 

S 2 (X 2 ,...,X n ,A) = 1 



S n (X n ,A) = 1 
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the system A(M VO ryshort) has a solution. Therefore, by induction, variables 
(Mveryshort) can be found as elements of G2, and variables Y as elements of G\. 
Theorem B is proved. □ 

In order to prove Theorem C we need some auxiliary results. 

Lemma 8.1. All stabilizing automorphisms {see [§]) of the left side of the equa- 
tion 

(46) cfcftdca)- 1 = 1 

have the form zf = cf ^(cf 1 ^ 2 )™, z^ — c\ n Z2{c\ 1 ) n ■ All stabilizing automor- 
phisms of the left side of the equation 

(47) x 2 c z (a 2 c)- 1 = 1 

have the form x^ — x^ x c •* , = c k z(x 2 c z ) n . All stabilizing automorphisms of the 
left side of the equation 

(48) xfxKalal)- 1 = 1 

have the form xf — (xi(xiX2) m ) < - x i x ^ n , x\ — ((xiX2)~ m X2)^ XxX ^ n ■ 

Proof. The computation of the automorphisms can be done by software "Mag- 
nus" . The statement of the lemma also follows from the fact that punctured surfaces 
corresponding to QH subgroups corresponding to these equations (see |16) . Sec- 
tion 5) do not contain two intersecting simple closed curves that are not boundary- 
parallel. Therefore if G is a freely indecomposable finitely generated fully residually 
free group that has a QH subgroup Q corresponding to one of these equations, then 
G does not have two intersecting cyclic splittings with edge groups conjugated into 
Q. □ 

If a quadratic equation S(X) = 1 has only commutative solutions then the 
radical R(S) of S(X) can be described (up to a linear change of variables) as 
follows (see [l2j): 

Rad(S') = nd{[xi, x 3 ], [xi,b], \ i,j = l,...,k}, 

where b is an element (perhaps, trivial) from F. Observe, that if b is not trivial 
then b is not a proper power in F. This shows that S(X) = 1 is equivalent to the 
system 

(49) U com (X) = {[x i ,x j ]=l,[x i ,b] = l,\ i,j = l,...,k}. 

The system U com (X) = 1 is equivalent to a single equation, which we also denote 
by U com (X) = 1. The coordinate group H = -Ffl((/ com ) of the system U com — 1, as 
well as of the corresponding equation, is F-isomorphic to the free extension of the 
centralizer Ci?(6) of rank n. We need the following notation to deal with H . For a 
set X and b G F by A(X) and A(X, b) we denote free abelian groups with basis X 
and X U {b}, correspondingly. Now, H ~ F *b=b A(X, b). In particular, in the case 
when b = 1 we have H = F * A(X). 

Lemma 8.2. Let F = F(A) be a non-abelian free group and V(X, Y, A) = 1. 
W(X, y, A) — 1 be equations over F. If a formula 

$ = VX{U com (X) = 1 -» 3Y{V(X, Y, A) = 1 A W(X, Y, A) + 1)) 

is true in F then there exists a finite number of extensions <fik on H of (b)- 
embeddings A(X, b) — > A(X, b) [k G K) such that: 
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(1) every formula 



= 3Y (V{X' t>k , Y, A) = 1 A W{X^ k ,Y,A)^l) 



holds in the coordinate group H = F *b=b A{X, b); 
(2) for any solution A : H — » F there exists a solution A* : H — > i* 1 suc/i i/iai 
A = ^fcA* /or some k G if. 

PROOF. We construct a set of initial parameterized generalized equations 



for V(X, Y, A) = 1 with respect to the set of parameters X. For each £ QE(S), 
in (161 Section 8], we constructed the finite tree T so i(f2) with respect to parameters 
X. Observe, that non-active part \jv iPv ] in the r0 °t equation flfl Vo of the tree 
T so i(f2) is partitioned into a disjoint union of closed sections corresponding to X- 
bases and constant bases (this follows from the construction of the initial equations 
in the set QE{S)). We label every closed section a corresponding to a variable 
x G X^ 1 by x, and every constant section corresponding to a constant a by a. Due 
to our construction of the tree T so i(f2) moving along a brunch B from the initial 
vertex vq to a terminal vertex v we transfer all the bases from the non-parametric 
part into parametric part until, eventually, in Q v the whole interval consists of 
the parametric part. For a terminal vertex v in T so i(f2) equation fi„ is periodized 
(see Section 5.4). We can consider the correspondent periodic structure V and 
the subgroup Z2- Denote the cycles generating this subgroup by z±, . . . , z m . Let 
Xi — b~ l and = b Si . All cycles, therefore the corresponding system of 

equations can be written as a system of linear equations with integer coefficients in 
variables {fci, . . . , k n } and variables {si, . . . , s m } : 



We can always suppose m ^ n and at least for one equation £l v m = n, because 
otherwise the solution set of the irreducible system U CO m = 1 would be represented 
as a union of a finite number of proper subvarieties. 

We will show now that all the tuples (ki,...,k n ) that correspond to some 
system l|5Ul) with m < n (the dimension of the subgroup H v generated by k — (3 — 
k\ — j3i, . . . , k n — /3 n in this case is less than n), appear also in the union of systems 
(|50|l with m = n. Such systems have form k — j3 q € H q , q runs through some finite 
set Q, and where H q is a subgroup of finite index in Z n = (s\) x • • • x (s„). We 
use induction on n. If for some terminal vertex v, the system ()50(l has m < n, 
we can suppose without loss of generality that the set of tuples H satisfying this 
system is defined by the equations k r = . . . ,k n = 0. Consider just the case k n = 0. 
We will show that all the tuples ko — (fci, . . . , fc n _i, 0) appear in the systems i|50|) 
constructed for the other terminal vertices with n = m. First, if N q is the index of 
the subgroup H q , N q k € H q for each tuple k. Let N be the least common multiple 
of N\, . . . , Nq. If a tuple {k\ , . . . , fc n -i , tN) for some t belongs to (3 q + H q for some 
g, then (fci, . . . , k n -x, 0) £ j3 q + H q , because (0, . . . , 0, tN) £ H q . Consider the set 
K of all tuples (fci, ... , fc n -i, 0) such that (fci, ... , k n -\,tN) £ /3 q + H q for any 
q= 1,...,Q and t G Z . The set {(ki, . . .,k n -i,tN) \ (fci, . . .,fc„_i,Q) G K,t £ 1} 
cannot be a discriminating set for !/ comm = 1. Therefore it satisfies some proper 
equation. Changing variables fci, ... , fc n -i we can suppose that for an irreducible 



GE(S) = {n u ...,Q r } 



(50) 
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component the equation has form k n -i = 0. The contradiction arises from the fact 
that we cannot obtain a discriminating set for U CO mm = 1 which does not belong to 
(3 q + H q for any q = 1, . . . , Q. 

Embeddings tpk are given by the systems (|50ll with n = m for generalized 
equations Q v for all terminal vertices v. □ 

Below we describe two useful constructions. The first one is a normalization 
construction which allows one to rewrite effectively an NTQ-system U(X) = 1 into 
a normalized NTQ-system U* — 1. Suppose we have an NTQ-system U(X) = 1 
together with a fundamental sequence of solutions which we denote V(U). 

Starting from the bottom we replace each non-regular quadratic equation Si — 1 
which has a non-commutative solution by a system of equations effectively con- 
structed as follows. 

1) If Si — 1 is in the form 

cl a cf 2 = cic 2 , 

where [c\, C2] 7^ 1, then we replace it by a system 

{Xn = Z1C1Z3, X i2 = Z 2 C 2 Z 3l [zi,Ci] = 1, [Z2,C 2 ] = 1, [Z3,C1C 2 ] = !}■ 

2) If Si = 1 is in the form 

where [a, c] 7^ 1, we replace it by a system 

{xn = a Zl , x l2 = z 2 czi, [z 2 , c] = 1, [zi, a 2 c] = 1}. 

3) If Si = 1 is in the form 

2 2 _ 2 2 

X i\ X i1 ~ a l a 2 

then we replace it by the system 

{xn = (aizi) z2 , Xi 2 = (z 1 " 1 a 2 ) Z2 , [zi,a\a 2 ] = 1, [z 2 ,alal] = 1}. 

The normalization construction effectively provides an NTQ-system U* = 1 
such that each solution in V(U) can be obtained from a solution of U* = 1. We 
refer to this system as to the normalized system of U corresponding to V(U). 
Similarly, the coordinate group of the normalized system is called the normalized 
coordinate group of U = 1. 

Lemma 8.3. Let U(X) = 1 be an NTQ-system, and U* = 1 be the normalized 
system corresponding to the fundamental sequence V(U). Then the following holds: 

(1) The coordinate group P^/m canonically embeds into F R nj*\; 

(2) The system U* = 1 is an NTQ-system of the type 

Si(Xi, X 2 , . . . , X n , A) = 1 
S 2 (X 2 ,...,X n ,A) = 1 

S n (X n ,A) = 1 

in which every Si — 1 is either a regular quadratic equation or an empty 
equation or a system of the type 

U com (X,b){[xi,Xj] = l,[xi,b] = 1 I i,j = l,...,k} 
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where b G Gj+i- 

(3) Every solution Xo of U(X) = 1 that belongs to the fundamental sequence 
V(U) can be obtained from a solution of the system U* = 1. 

PROOF. Statement (1) follows from the normal forms of elements in free con- 
structions or from the fact that applying standard automorphisms 4>l to a non- 
commuting solution (in particular, to a basic one) one obtains a discriminating 
set of solutions (see Section 7.2). Statements (2) and (3) are obvious from the 
normalization construction. □ 

Definition 8.4. A family of solutions * of a regular NTQ-system U (X, A) = 1 
is called generic if for any equation V(X, Y, A) = 1 the following is true: if for any 
solution from ^ there exists a solution of V(X^,Y, A) = 1, then V = 1 admits a 
complete [/-lift. 

A family of solutions 9 of a regular quadratic equation S(X) = 1 over a group 
G is called generic if for any equation V(X, Y, A) = 1 with coefficients in G the 
following is true: if for any solution 9 G there exists a solution of V(X e , Y, A) = 1 
in G, then V = 1 admits a complete S-lift. 

A family of solutions of an NTQ-system U(X, A) = 1 is called generic if 
* = *i . . . *f> n , where "J^ is a generic family of solutions of Si = 1 over Gi + i if 
5; = 1 is a regular quadratic system, and "J/j is a discriminating family for Si = 1 
if it is a system of the type U com . 

The second construction is a correcting extension of centralizers of a normalized 
NTQ-system U (X) = 1 relative to an equation W(X, Y,A) = 1, where Y is a tuple 
of new variables. Let U(X) = 1 be an NTQ-system in the normalized form: 

Si(Xi, A 2 , . . . , X n , A) = 1 
S 2 {X 2 ,...,X n ,A) = 1 

S n (X n ,A) = 1. 

So every Si = 1 is either a regular quadratic equation or an empty equation or a 
system of the type 

U com (X, b) = {[xi,Xj] = l,[xi,b] = 1,| i, j = 1, . . . , k} 

where b G Gj+i . Again, starting from the bottom we find the first equation Si (Xi) = 
1 which is in the form U com (X) = 1 and replace it with a new centralizer extending 
system /7 com (X) = 1 as follows. 

We construct T so i for the system W(X, Y) = 1 A U{X) = 1 with parame- 
ters Xi, . . . ,X n . We obtain generalized equations corresponding to final vertices. 
Each of them consists of a periodic structure on Xi and generalized equation on 
X i+ i . . . X n . We can suppose that for the periodic structure the set of cycles 
is empty. Some of the generalized equations have a solution over the ex- 
tension of the group Gi. This extension is given by the relations U com (Xi) = 
l,Si+i(Xi+i, . . . ,X n ) = 1, . . . , S n (X n ) = 1, so that there is an embedding 4>k : 
A(X,b) — > A(X, b). The others provide a proper (abelian) equation Ej(Xi) = 1 
on Xi. The argument above shows that replacing each centralizer extending sys- 
tem Si(Xi) = 1 which is in the form U com {Xi) = 1 by a new system of the type 
Ucom(Xi) — 1 we eventually rewrite the system U(X) = 1 into finitely many new 
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ones Ui(X) = 1, . . . , U m (X) = 1. We denote this set of NTQ-systems by C W (U). 
For every NTQ-system U m (X) = 1 6 Cw(U) the embeddings <f>k described above 
give rise to embeddings 4> : - * Fr(0) ■ Finally, combining normalization and 
correcting extension of centralizers (relative to W = 1) starting with an NTQ- 
system U = 1 and a fundamental sequence of its solutions V(U) we can obtain a 
finite set 

NC W (U)=C W {U*) 

which comes equipped with a finite set of embeddings 9% : Fr(u) — ► FriuA f°r each 
Ui G MCw{U). These embeddings are called correcting normalizing embeddings. 
The construction implies the following result. 

Theorem 8.5. Let U(X,A) = 1 be an NTQ-system with a fundamental se- 
quence of solutions Vf un d(U). If a formula 

$ = yX{U{X) = 1 -> 3Y(W(X, Y, A) = 1 A Wi (X, Y, A) ^ 1) 

is true in F. Then for every Ui € J\fG'w(U) the formula 

3Y (W(X e > , Y, A) = 1 A Wi (X e * ,Y,A)^1) 

is true in the group F R (jy.^ for every correcting normalizing embedding 

6% '■ F R (U) — ► F R (u t y 

Furthermore, for every fundamental solution <p : Furm — > F there exists a 
fundamental solution ip of one of the systems Ui — 1, where Ui € AfCw(U) such 
that <p = Oi^p. 

Corollary 8.6. Theorem C holds. 

Now we are ready to prove Theorem D. 

Proof of Theorem D. By [El Theorem 11.1] for a finite system of equations 
U = 1 over F one can effectively find NTQ systems Ui — 1, i — 1 , . . . , k and 
homomorphisms Oi : i^(tr) ~^ F R njA such that for every solution tf> of U = 1 
there exists i such that <j> — 9iip, where ip € V{ un a{Ui). Now the result follows from 
Theorem C. □ 

9. Groups that are elementary equivalent to a free group 

In this section we prove Theorem E from the introduction. 

Let C (C*) be the class of finite systems U(X) = 1 over F such that every 
equation T(X,Y) = 1 compatible with U(X) = 1 admits {/-lift (complete {/-lift). 
We showed in Section [21 Lemma [2.91 that these classes are closed under rational 
equivalence. Denote by K the class of the coordinate groups F R ^u) °f systems 
U(X) = 1 over F such that every equation T(X, Y) = 1 over F compatible with 
U(X) = 1 admits a {/-lift. It follows that every finite set of defining relations of a 
group from K, gives rise to a system from C . 

By Theorem B the class K. contains the coordinate groups of regular NTQ 
systems. 

Below, in the case of a coefficient-free system S(X) = 1 we put G c /fl(S) = 
F(X)/R(S), then G R (s) = G * G c /h(S)- in this cas e the group G c /fl(S) can be also 
viewed as the coordinate group of V(S). It is usually clear from the context which 
groups is considered in the case of the coefficient-free system. 
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Lemma 9.1. The class K, is closed under retracts. Namely, if H is a finitely 
generated subgroup of G such that there exists a retract (f> : G — > H . Then: 

(1) if F ^ H then H = F R (tj\ for some system U = 1 over F and every 
equation compatible with U = 1 admits a V -lift; 

(2) if F n H = 1 then H = i*Wm for some coefficient- free system U = 1 
over F and every coefficient-free equation compatible with U — 1 admits 
a V -lift into F c fR(gy 

PROOF. We show only (1), but a similar argument proves (2). Let H — (FUXi) 
be a finitely generated subgroup of G generated by F and a finite set X\. Then 
H is rcsidually free, so H = Fmm for some system U(Xi) = 1 over F. Since 
H is a subgroup of G it follows that X\ = P(X) for some word mapping P. If 
T(Xi,Y) = 1 is compatible with U(X X ) = 1 then T(P(X),Y) = 1 is compatible 
with S(X) = 1. Therefore T(P(X), Y) = 1 admits an S-lift, so T(P(X),V(X)) = 1 
in G for some V(X) G G. It follows that 

T(P(X),V(X))^ = T{P(Xf, V(X*)) = T(P(X),V(X' f ')) = T{X 1 ,V(X <t> )) = 1 

so T(X U Y) = 1 admits a [/-lift. □ 

Corollary 9.2. The class K. is closed under free factors. Namely, if G G JC 
then every factor in a free decomposition of G modulo F belongs to JC. 

Theorem E. Let F be a free non-abelian group and S(X) = 1 a consistent 
system of equations over F. Then the following conditions are equivalent: 

(1) The system S(X) = 1 is rationally equivalent to a regular NTQ system. 

(2) Every equation T(X,Y) — 1 which is compatible with S(X) = 1 over F 
admits an S-lift. 

(3) Every equation T(X,Y) — 1 which is compatible with S(X) = 1 over F 
admits a complete S-lift. 

Proof. (1) =>■ (3). It follows from Lemma l2~$l which states that the class C* 
is closed under rational equivalence and the fact that C* contains all regular NTQ 
systems (Theorem B). 

(3) => (2). Obvious. 

(2) =>■ (1). Suppose that every equation which is compatible with S = 1 over 
F admits an 5-lift. Consider G — F^gy 

Lemma 9.3. The group G does not have non-cyclic abelian subgroups. 

Proof. Suppose G has a non-cyclic abelian subgroup, let x,y be two basis 
elements in this subgroup. Consider their expressions in generators of G: x = u(X), 
y = v(X). Then the system of equations 

Si(X, x, y) = (S(X) = 1 A x = u{X) A y = v(X) A [i, y] = 1) 

is rationally equivalent to S(X) = 1, therefore every system of equations compatible 
with S\{X,x,y) — 1 admits an S-lift. The formula 

VXVa;V 2 /3M(5i(X,a;,?/) = 1 ^ (u 2 = x V u 2 = y V u 2 = xy)) 

is true in every free group, because in a free group the images of x, y are powers of 
the same element. But this formula is false in G. Therefore the system 

u 2 — x V u 2 — y V u 2 = xy 
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does not admit an S'-lift. This gives a contradiction to the assumption. 



□ 



By Corollary 19.21 we may assume that G is freely indecomposable. There are 
two cases to consider, F ^ G and F R G = 1. Since the same argument gives a 
proof for both of them we consider only one case, say F ^ G. 

If G does not have a non-degenerate JSJ Z-decomposition |16j then G is either 
a surface group, or G is an infinite cyclic group (in the case F D G = 1). In both 
cases G is the coordinate group of a regular NTQ system, as required. 

Suppose now, that G has a non-degenerate JSJ Z-decomposition of G, say D. 
Denote by {X \ U) the canonical finite presentation of G as the fundamental group 
of the graph of groups D. By Lemma 12.91 the class C, of systems V = 1 over 
F for which every compatible equation admits an y-lift, is closed under rational 
equivalence. Hence U = 1 belongs to C. Since G = Fnm\ we may assume from the 
beginning that S — U, so G = (X \ S) is the canonical finite presentation of G as 
the fundamental group of D. 

Let Ae be the group of automorphisms (i^-automorphisms, in the case F ^ G) 
of G generated by Dehn's twists along the edges of D. The group Ae is abelian by 
Lemma 2.25 |16j . Recall, that two solutions <f>\ and 4>2 of the equation R(X) = 1 
are Ae -equivalent if there is an automorphism a G Ae such that o~(f>i = 4>2- 

Recall, that if A is a group of canonical automorphisms of G then the the 
maximal standard quotient of G with respect to A is the quotient G/Ra of G by 
the intersection Ra of the kernels of all solutions of S(X) — 1 which are minimal 
with respect to A (see |16j for details). 

By (161 Theorem 9.1] the maximal standard quotient G/Ra d of with respect 
to the whole group of canonical automorphisms Ad is a proper quotient of G, i.e., 
there exists an equation V(X) — 1 such that V G - R(S) and all minimal solution 
of S(X) = 1 with respect to the canonical group of automorphisms Ad satisfy the 
equation V(X) = 1. Now, compare this with the following result. 

Lemma 9.4. The maximal standard quotient of G with respect to the group Ae 
is equal to G, i.e., the set of of minimal solutions with respect to Ae discriminates 



Proof. Suppose, to the contrary, that the standard minimal quotient G/Ra e 
of G is a proper quotient of G, i.e., there exists V £ G such that V ^ 1 and — 1 
for any minimal solution of S with respect to Ae- Recall that the group Ae is 
generated by Dehn twists along the edges of D. If c e is a given generator of the 
cyclic subgroup associated with the edge e, then we know how the Dehn twists 
a — a e associated with e acts on the generators from the set X. Namely, if x G X 
is a generator of a vertex group, then either x a — x or x° — c~ l xc. Similarly, if 
x G X is a stable letter then either x a = x or x a — xc. It follows that for x G X 
one has x a — x or x a — c~ n xc n [x a — xc n ] for every n G Z. Now, since the 
centralizer of c e in G is cyclic (Lemma 19.3(1 the following equivalence holds: 



Similarly, since the group Ae is finitely generated abelian one can write down 
a formula which describes the relation 



G. 




3a G A e (x a = z) 
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One can write the elements c e as words in generators X, say c e = c e (X). Now the 
formula 

VX3Y3Z \S(X) = 1 -► (j^y^CiiX)] = 1 A Z = X°* A V(Z) = 1^ 

holds in the group F. Indeed, this formula tells one that each solution of S(X) = 1 
is A^-equivalent to (a minimal) solution that satisfies the equation V{X) = 1. 
Since S(X) = 1 is in C the system 

(J\ [ Vi , a(X)] = 1 A Z = X° Y A V(Z) = lj 

admits an 5- lift. Hence there is an automorphism a G Ae such that V(X a ) = 1 in 
G, so V(X) = 1 - contradiction. □ 

Lemma 9.5. There exist QH subgroups in D. 

PROOF. By Theorem 9.1 |16j the maximal standard quotient G/Ra d of G with 
respect to the whole group Ad of the standard automorphisms of G is a proper 
quotient of G. Let E\ be the set of edges between non-QH vertex groups. By |16l 
Lemma 2.25] the group Ae is a direct product of Ae x and the group generated by 
the canonical automorphisms corresponding to QH vertices and abelian non-cyclic 
vertex groups. By Lemma l9.3l there are no abelian non-cyclic groups in D, so Ae is 
a direct product of A% 1 and the group generated by the canonical automorphisms 
of QH vertices. Since the maximal standard quotient of G with respect to Ae is 
not proper (Lemma 19. 4|) then Ae ^ Ae hence (see Section 2.20 in |16p D has QH 
subgroups. □ 

Let K = (X%) be the fundamental group of the graph of groups obtained from 
D by removing all QH subgroups. 

Lemma 9.6. The natural homomorphism G — » G/Rd is a monomorphism on 

K. 

Proof. This follows from Lemma [9.41 and the fact that canonical automor- 
phisms corresponding to QH subgroups fix K. □ 

Lemma 9.7. There is a K -homomorphism <p from G into itself with the non- 
trivial kernel. 

Proof. The generating set X of G corresponding to the decomposition D can 
be partition as X — X\ U X%, Consider a formula 

VX 1 VX 2 BYBTBZ(S(X 1 ,X 2 ) = 1 

-> |/\[t„ Cl (i 2 )] = i a z = if a s(y, i 2 ) = i a z) = i j j . 

It says that each solution of the equation S(X\, X 2 ) = 1 can be transformed by a 
canonical automorphism into a solution Y, Z that satisfies V(Y, Z) = 1. It is true 
in a free group, therefore the system 

[]\{t i ,c i {X 2 )\ = 1AZ = X° T AS(Y,X 2 ) = 1AV(Y,Z) = 1 ) 
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can be lifted in G. Elements Z generate the same subgroup K as X2, because 
ti = c i i , for a fixed number rij, i = f, . . . , m in G. Therefore, there is a proper 
if-homomorphism <f> from G into itself. □ 

For a QH subgroup Q we denote by Pq the fundamental group of the graph 
of groups obtained from D by removing the QH-vertex vq and all the adjacent 
edges. In the following lemma, the second statement in not needed for the proof of 
Theorem E, but we included it for completeness. 

Lemma 9.8. 

1 . There exists a QH subgroup Q in D such that Pq is a retract. 

2. The maximal standard quotient G/Ra q of G, with respect to the group 
Aq of the canonical automorphisms of G corresponding to Q, is a proper 
quotient of G. 

Proof. 1. The image H = <p(G) cannot contain conjugates of finite index 
subgroups of all the QH subgroups of D. Indeed, suppose it does. Let Q\, . . . , Q s be 
QH subgroups with minimal number of free generators. There is no homomorphism 
from a finitely generated free group onto a proper finite index subgroup. Therefore 
the family Qi, ■ ■ ■ ,Q S has to be mapped onto the same family of QH subgroups. 
Similarly, the family of all QH subgroups would be mapped onto the conjugates 
of subgroups from the same family, and different QH subgroups would be mapped 
onto conjugates of different QH subgroups. In this case H would be isomorphic to 
G. This is impossible because G is hopfian. Therefore there is a QH subgroup Q 
such that H does not intersect any conjugate Q 9 in a subgroup of finite index. 

By construction, G is the fundamental group of the graph of groups with vertex 
vq and vertices corresponding to connected components Y\ , . . . , Yk of the graph for 
Pq. Let Pi, . . . ,Pk be the fundamental groups of the graph of groups on Y\, . . . , Yfc. 
Then Pq = P\ * • • • * Pfc. Let Dq be a JSJ decomposition of G modulo K. Then it 
has two vertices vq and the vertex with vertex group Pq. 

By 16, Lemma 2.13] applied to Dq and the subgroup H, one of the following 
holds: 

(1) H is a nontrivial free product modulo K; 

(2) H < P| for some g G G. 

Moreover, the second statement of this lemma is the following. If Hq — HDQ is 
non-trivial and has infinite index in Q, then Hq is a free product of some conjugates 
of p" 1 , . . . ,p^ m ,p a and a free group Fi (maybe trivial) which does not intersect any 
conjugate of (pi) for i = 1, . . . , to. 

In the case (2) one has H ^ Pq, and, conjugating, we can suppose that H ^ Pq. 

Suppose now that the case (1) holds. For any g the subgroup Q 9 (~l H is either 
trivial or has the structure described in the second statement of Lemma 2.13, |16j . 
Consider now the decomposition Dh induced on H from Dq. If the group F\ is 
nontrivial, then H is freely decomposable modulo K , because the vertex group Qh 
in Dh is a free product, and all the edge groups belong to the other factor. If at 
least for one subgroup Q 9 7 such a group Pi is non-trivial, then H is a non-trivial 
free product and the subgroup K belongs to the other factor. Hence H — Hi * T, 
where K 6 H±. In this case we consider <pi = (fnj), where ip is identical on H\ and 
tp(x) = 1 for x G T . Now each non-trivial subgroup H\ n Q 9 is a free product of 
conjugates of some elements p"' , cti € Z, in Q 9 . 
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According to the Bass-Serre theory, for the group G and its decomposition Dq 
one can construct a tree such that G acts on this tree, and stabilizers correspond to 
vertex and edge groups of Dq. Denote this Bass-Serre tree by Td q . The subgroup 
Hi also acts on Td q . Let T\ be a fundamental transversal for this action. Either 
Hi ^ Pq or H\ is not conjugated into Pq. The amalgamated product of the 
stabilizers of the vertices of Ti is a free product of subgroups Hi n Pq . Therefore 
Hi is either such a free product or is obtained from such a free product by a sequence 
of HNN extensions with associated subgroups belonging to distinct factors of the 
free product. In both cases Hi is freely decomposable modulo K. Conjugating, we 
can suppose that one of the factors of 4>i(G) is contained in Pq. We replace now <pi 
by fa which is a composition of <fri with the homomorphism identical on the factor 
that is contained in Pq and sending the other free factors into the identity. Then 
<p2(G) = i?2 ^ Pq, where H2 is freely indecomposable modulo K. 

A mapping 77 defined on the generators X of G as 



can be extended to a proper homomorphism tt from G onto Pq. Then 7r is a 
PQ-homomorphism, and Pq is a retract. 

2. Let X = X3 U X4 be a partition of X such that X 4 are generators of Pq. 
Then the following formula is true in G 



where Y = r(X 4 ) = t:(X 3 ). This formula is also true in F. 

For a homomorphism 7 : G — ► F there are two possibilities: 

a) 7 can be transformed by a canonical automorphism from Aq into a homomor- 
phism (3 :G -> F, such that there exists a : G -> P Q *F{Z) and tp : Pq*F(Z) -> F 
such that (3 = aip. Here F (Z) is a free group corresponding to free variables of the 
quadratic equation corresponding to Q. 

b) 7 is a solution of one of the finite number of proper equations that correspond 
to the cases j(Q) is abelian or j{G e ) = 1, where e is an edge adjacent to vq. 

Since ker(a) = f)ker(atj)), where tp £ Hoiti(Pq * F(Z),F), the statement 
follows. □ 

By Lemma T9. II the group P = Pq belongs to /C. If P is freely undecomposable 
[modulo F] and does not have a non-degenerate JSJ decomposition [modulo F] 
then H is either F or a cyclic group, or a surface group. In this event, G is a 
regular NTQ (since only regular quadratic equations belong to the class C). If P 
is freely decomposable modulo F or it has a non-degenerate JSJ decomposition we 
put Go = G, Qq — Q and repeat the argument above to the group Gi = P. Thus, 
by induction we construct a sequence of proper epimorphisms: 



and a sequence of QH subgroups Qi of the groups Gi such that Gj is the fun- 
damental group of the graph of groups with two vertices Qi and G; + i and such 
that Qi is defined by a regular quadratic equation Si — 1 over G,+i and such that 
Si — 1 has a solution in Gj+i. Since free groups are equationally Noetherian this 
sequence terminates in finitely many steps either at a surface group, or the free 
group F, or an infinite cyclic group. This shows that the group G is F-isomorphic 
to a coordinate group of some regular NTQ system. 




\/X 3 \/X 4 3Y(S(X 3 ,X 4 ) = 1 - (S(Y,X 4 ) = 1 A Y = r(X 4 ))), 



G — > G\ 



G 2 
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This proves the theorem. 



□ 



As a corollary one can obtain the following result. To explain we need few 
definitions. Let F be a free group and Lp be a group theory language with constants 
from the group F, and $ be a set of first order sentences of the language Lp. 
Recall, that two groups G and H are ^-equivalent if they satisfy precisely the same 
sentences from the set <£■. In this event we write G =$ H. In particular, G =\/3 H 
(G =av H) means that G and H satisfy precisely the same V3-sentences (exists\f- 
sentences ). Notice that G =v3 H <=^ G =gv H. We have shown in |13) that for a 
finitely generated group G G =va H implies that G is torsion-free hyperbolic. Now 
we can prove Theorem F from the introduction: 

Theorem F. Every finitely generated group which is V3- equivalent to a free 
non-abelian group F is isomorphic to the coordinate group of a regular NTQ system 
over F. 

Proof of Theorem F. Let G be a finitely generated group which is V3- 
equivalent to a free non-abelian group F. In particular, G is V-equivalent to F, 
hence by Remeslennikov's theorem |25| the group G is fully residually free. It 
follows then that G is the coordinate group of some irreducible system S = 1 over 
F (see [2]), so G = F R ^ S y We claim that every equation compatible with S(X) = 1 
admits an S'-lift over F. Indeed, if T(X, Y) = 1 is compatible with S(X) = 1 over 
F then the formula 



is true in F, hence in G. Therefore, the equation T(X^, Y) — 1 has a solution in 
G for any specialization of variables from X in G, in particular, for the canonical 
generators X of G. This shows that every equation compatible with S — 1 admits 
S-lift. By Theorem E, the group G is isomorphic to the coordinate group of a 
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